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Theoretical physicists live in a classical world

looking out into a quantum mechanical world.

The latter we describe only su]ojectively,
in terms of procedures and results
in our classical domain.

John Stuart BeH
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Introduction

The end of the 20th century can be regarded as the second golden age of quantum me-
chanics, the core of all fields of modern physics. After its birth in the 1920’s, it induced a
revolution of physics, and became a frontier in the human thinking about the nature of rea-
lity. The theory was extremely successful: it yielded an appropriate model for the structure
and interactions of matter, generation and absorption of light, and many other applicati-
ons. There was a price to be paid for these achievements. Due to the more sophisticated
mathematics employed, it has lost its understandability for everyday (non-physicist) pe-
ople. On the other hand, even those who “speak” the language of mathematics still do not
possess the opportunity of visualization or even imagination of phenomena in argument.
And though quantum mechanics provides us with recipes to connect the abstract theory
with the actual measurement results, it leaves a lot of counterintuitive ideas, interpretati-
onal or even more general philosophical problems, open questions behind. Most of these
originate from two main concepts: quantum measurement and entanglement.

Were these problems, which are so much in the center of today’s research interest, not
strikingly visible from the very beginning? They were there definitely, but probably in
spite of their extreme conceptual importance, they must have been regarded as marginal
guestions from a practical, experimental point of view. Some peculiar features of quantum
entanglement for instance were very well understood in 1935 by Einstein, Podolsky and
Rosen, but probably not many physicists thought of these as something one can see in the
laboratory, or even apply for certain purposes. John Stuart Bell, who formulated the phi-
losophical concept of nonlocality of quantum mechanics in mathematical terms, did this
work as a hobby, and some of his earlier colleagues at CERN still got surprised hearing
about his interest in this field. Even for John Clauser, the pioneer of Bell-experiments it
was hard in the 1960'’s to find support for such investigations. These were considered as
some interesting but unimportant problems of an otherwise successful theory that time.

From the works of D. Bohm and J. S. Bell, it is clear however, that “real quantum me-
chanics” begins with multipartite systems, as all the problems of single particle quantum
mechanics can be treated in the framework of local hidden variable theories. Thus en-

tanglement is indeed at the very heart of physics. It was in the 1980’s, when experimental
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guantum optics reached a level, on which nonlocality and quantum measurement became
an essential ingredient of understanding results.

The feasibility of entangled quantum states had another important consequence: the
concept of quantum information was born. A new field of information and computation
theory appeared. A theory of quantum communication and computation is being deve-
loped, which is a completely new perspective in cryptography, dense coding or solving
problems that were unfeasible to treat with classical computers. The appearance of the
concept ofinformationin physics is also promising, especially in understanding funda-
mental problems of quantum mechanics. The non-existence of “quantum hardware”, a
painful fact for quantum information scientists, provides experimental physics and tech-
nology with a great challenge.

This dissertation summarizes my results concerning quantum teleportation, a typical
phenomenon based on entanglement, and the basic constituent of quantum communica-
tion. Since its first appearance in the paper of Ch. Bennett [7], it has attracted an extreme
attention of both theoretical and experimental researchers. Though the idea itself is in-
geniously simple, and may even have been suggested theoretically in the 1920’s, it has
several features which are of definite current physical interest. It should become one of
the fundamental building blocks of future quantum communication techniques. My work
was consisting of understanding teleportation in general, finding alternative ways of its
description, and searching for different physical systems for its realization.

The dissertation has the following structure. In order to make the discussions self-
contained, Chaptéj 1 briefly summarizes those basic elements of quantum mechanics and
quantum optics which will be applied in the subsequent chapters. Chapter 2 contains a
short introduction to quantum teleportation: the description of two earliest protocols: the
Bennett and the Braunstein-Kimble schemes.

Chaptef B contains my results concerning the general description of teleportation on
abstract Hilbert spaces, which may correspond to arbitrary physical systems. First the
original Bennett scheme is shown to be a quantum generalization of the well-known “one-
time-pad” cipher. A gedanken experiment is analyzed, revealing the classical-to-quantum
transition. Then finite dimensional teleportation using an arbitrary bipartite pure state

is investigated: a compact, basis independent expression is derived for the explicit form
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of quantum teleportation as a quantum operation. This is motivated by the relative-state
representation of quantum channel theory. This topic is followed by a description of the
Bennett scheme in terms of finite-phase-space Wigner functions, with an outline of the
continuous dimensional limit. This description shows the connection between finite and
continuous variable quantum teleportation in its clearest form.

In chaptef # the results concerning continuous variable optical quantum teleportation
are described. | describe the Braunstein-Kimble scheme in terms of low-dimensional
coherent state representations. This is a novel approach providing an alternative, and
rather simple understanding of the phenomenon.

In chapter b, few-photon interference schemes are considered. A generalization of
“quantum scissors” scheme is presented, which is capable of teleporting theHosk-
components of arbitrary input states. The operation of the device is analyzed by the appli-
cation of theSU(2) symmetry of two-mode fields and beam-splitters. A section is devoted

to outline anSU(3) theory of passive, lossless optical six-ports (tritters).



Chapter 1

Elements of quantum mechanics and

guantum optics

In this chapter | give a brief summary of some elements of quantum mechanics and quan-
tum optics used in the forthcoming chapters. Some parts may seem elementary, and can
be found in standard quantum mechanics textbooks [28]. However, as this thesis treats
phenomena arising from very fundamental issues, it is indeed worthwhile to go through
them briefly. | adopt a somewhat less conventional point of view of quantum mechanics,
with more emphasis on multipartite systems. | also intend to outline the exact mathema-
tical structure behind the concepts which are of “everyday use”. The quantum optics part

is intended to summarize the basic concepts that are behind my quantum optical results.

1.1 Quantum kinematics

Quantum kinematics describes the mathematical modehté<of single and multipartite

physical systems.

1.1.1 Pure states of systems

Though the concept of a physical system is very fundamental, especially from a philo-
sophical point of view, its definition seems to be somewhat obscure in quantum mecha-

nics. We can however define the mathematical modeloé states of a physical system
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exactly:

POSTULATE 1 Pure states of a given physical system are unit rays of a Hilbert spéce

corresponding to the system.

Unit rays are equivalence classes of unit-norm Hilbert-space vectors, which are equal
up to a complex factor of unit absolute value. It is quite usual however, that a state is
represented by an arbitrarily chosen vector from the given unit ray. Vectors of the Hilbert
space are denoted IY), where the lettel specifies the vector, and the notatjon) is
called aket

W) e 7. 1.1)

Moreover, the word “state”, if not otherwise stated, stands as a shorthand for “pure state”.
Occasionally states are represented by unnormalized vectors (“unnormalized states”),
these have to be normalized in order to obtain a vector representing the real state they
describe.

Roughly one might say that a physical system is an entity the states of which are to be
found in the same Hilbert space. Note that the word “same” is not a synonym of “equal”
here,C? endowed with Hilbert space structure for instance may be a model of an electron
spin, or for a photon polarization, which are physically different.

The Hilbert space’#” containing the states of the physical system may be either fi-
nite or infinite dimensional. In the case of continuous dimensional spaces it is important
to requireZ to be separable, that is, it has to contain a countable dimensional dense
subspace.

The Hilbert space scalar product of vectp¥s) and|W,) is denoted byW,|¥,). The
notation(...| is calledbra. (¥,| denotes an element of the topological dual space
of s corresponding t¢¥,). In case of finite dimensional Hilbert spaces there is trivi-
ally a one-to-one correspondence between bras and kets, while in the continuous variable
case, the one-to-one correspondence is a consequence of the Riesz-Fisher representation

theorem.
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1.1.2 Multipartite systems

Consider two physical systems 1 and 2, the states of which cons#flind.’Z, respec-
tively. The question naturally arises: how to describe the states of the system consisting

of 1 and 2 as subsystems. The answer is as follows.

POSTULATE 2 The Hilbert space’;, modeling the states of a bipartite system consisting
of subsystems with states in Hilbert spagé€sand.’7; is the tensor product spack?, =
T R T,

Due to the extreme importance of tensor product spaces, let us recall their definition, first

for linear spaces:

DEFINITION 1 Let 7] and.’Z, be linear spaces. The tensor product/éf and /7 is a
pair (] ® 7,,b), where.Z; ® 7, is a linear space, and b is & x 7, — 76, ® J,
bilinear map such that for all vector spaces V and all.R] x 77, — V bilinear mappings

there exists a unique L7} ® 7, — V linear map such that
R=Loh. (1.2)

The tensor product is usually denoted by the &€tz 77, itself. The construction works
as follows. One takes an orthonormal basis (ONIg)) } on.7Z] and{|f;)} on .7, where

the indices go on the appropriate sets. Then we take
A R Ay = spar{|e) @)}, (1.3)

where the® betweeng) and|f;) stands for a “formal product”: an ordered pair, where
the set of ordered pairs is endowed with vector space structure. In order to obtain Hilbert

spaces, we define the scalar product on the product space so that

(vi, 1.1, 7) (el @ () (le) @ 1F,0) = 8,48, 1. (1.4)

The product state basis is then an orthonormal basis. (In continuous variable case, Dirac-
deltas appear.) If we take now an arbitrary bilinear opergtacting onz] x .7, to any

vector spac¥, the corresponding is

L(l&) ©[f;)) =R(&),[f;)). (1.5)
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A special case of the latter equation is the scalar product itself. We can see now that the
tensor product space is the set of all linear combinations of the “formal products” of the
orthonormal basis elements of the two spaces multiplied, endowed with the appropriate
Hilbert space structure.

An important property of bipartite systemsastanglement

DEFINITION 2 Consider a bipartite system with subsystem 1 and 2. A state v8tigre

I ® I, is separable, if it can be written in a product form:
(3|W,) € 2, |Wy) € 7))  |Wi,) =¥ ®|W¥,). (1.6)
If the state is not separable, it is entangled.

In the case of multipartite systems with more than two subsystems, the definition of
the product Hilbert space can be constructed two ways. One may either tensor-multiply
subsystems pairwise, thereby producing smaller number of subsystems, and doing so suc-
cessively, finally a Hilbert space for the whole system is obtained. It can be easily shown

that the tensor product is “associative”, e.g.
(.0 Hy) @ Hy= I, @ (Hy© H), (L.7)

therefore the obtained multiple-product Hilbert space is uniquely defined. Alternatively
one may directly define an-fold tensor-product similarly to the tensor product of two
Hilbert spaces, where-linear mappings will be involved. It can also be shown that the
two ways are equivalent. Separability can be defined in the same manner as in the case of
bipartite states.

It is also important to define the tensor product of two linear operators.

DEFINITION 3 LetU andV be @7 — 7] and a7z, — JZ, linear operator respectively.
The product operator BV is a. 7] ® ¢, — H#; ® 7, linear operator defined so that

(V|W1) € 2)(V|Wg) € 7) (URV)(|W) ©|¥y)) = (U [W))@ (VW)  (1.8)

1.1.3 Density operators

The most general states of a quantum system are not the pure states described by vectors

(unit rays) of the Hilbert space. One has to, for reasons that will become clear in section
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[1.7, introduce a more general model of states.
DEFINITION 4 The density matrix for a pure staf#’) is the projector
W) (W] (1.9)
(The projectofW) (W| is a.## — s linear operator acting on a vectop) as
(19) (W) |®) = ((W]®)) |¥). (1.10)

Generally, a linear operatéris a projector ifP? = P.)
Having a set of state§W¥;) }, one can take their convex combinations with coefficients
{plp €[0,1]}, 3ip =1
p:IZpi|qu><Lpi|v (1.11)
which is a positive semidefinite Hermitian operator of unit trace. Conversely, given a
positive semidefinite Hermitian operator of unit trace, one can always find at least one set

of states{|¥;)}, and one set of numbeis;|p; € [0,1]}, ¥; p; = 1, such that Eq[ (1.11)
holds.

DEFINITION 5 A positive semidefinite# — .77 Hermitian operatorp of unit trace is

called a density operator. A density operator describes the most general state of the phy-
sical system corresponding #&. If p is a projector, we speak of a pure state, otherwise
we speak of a mixed state of the system. A set of sfgdes}, and a set of numbers
{pilp € [0,1]}, 3;p, = 1 are called a realization op, if Eq. (1.11) holds, i.ep is the

convex combination of the given pure states with the given coefficients.

1.1.4 Multipartite mixed states and their separability

One may consider multipartite systems in mixed states, for instance a bipartite system
with subsystems of Hilbert space®; and.J7,. First suppose that system 1 is in a state
|W,) € 7, while system 2 is in a statV,) € J#,. The density matrix for the whole

system is the tensor product

P12 =|¥1) (W1 @ [Wy) (W, (1.12)
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As the density operators for both subsystems are of unit trace,

(W) (Wi =Trypqp,  [Wy) (Wol = Try pyo, (1.13)

were Ty and Ti, denote thepartial trace on subsystem 1 and 2, on finite dimensional

Hilbert spaces:

dim.# -1

Thpp= >  (&lpled,
dim.s#,—1

Topp= > (flpwlfl, (1.14)
K=0

were|e ) and|f,) constitute orthonormal bases o#f and.’Z, respectively. If we have
two independent systems in mixed statesindp,, the density matrix of the joint system
IS

P12=P1@P; (1.15)

In general, if the whole system is in the statg, then the state of the subsystems is

P1=TryP10  Pp =TI Pgo (1.16)

Eq. (1.16) is the way of extracting the density matrix of a subsystem from a joint density
matrix: one must trace over the remaining subsystente reason for that is explained
later by Eq.[(1.25)

But bipartite states are not necessarily of the form in Eq. {1.12) o Eq/(1.15). If the
bipartite system was in a pure state, but the state vector was not a product, then the density
matrices of the subsystems will describe mixed states. A general state of a bipartite system
is described by an arbitrary density operaigy: 7] ® 7, — 7 ® ;. The knowledge
of the subsystems does not involve all the information on the joint system.

Separability of mixed states is defined as follows:

DEFINITION 6 A density matrix of a bipartite system is separable if it can be written as
a convex combination of projectors describing separable pure states. If a density matrix

is not separable, it is inseparable or entangled.

Notice that separability is not the synonym of the product form of [Eq.[1.15). The separa-

bility of mixed states is a rather sophisticated issue, with numerous open questions.
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Inseparability is a purely kinematical issue. Two subsystems — which may be even
spacelikely separated in spacetime — can exist in an inseparable state, and in this case
the two subsystems show correlations. However, this is not necessarily surprising, as
these correlations may also be classically interpretable. However, if the joint state is pure
and inseparable, one necessarily obtains “weird” quantum-mechanical correlations, which
will be described in sectidn 1.2.3.

1.2 Quantum dynamics

This section is devoted to the description of interactions and time evolution of quantum

systems.

1.2.1 Unitary evolution, canonical quantization

Consider a system in a pure sté#é). Suppose that the system is closed, i.e. it does not

interact with “the rest of the world”.

POSTULATE 3 A closed quantum system evolves in time as

W(t)) =U(t.ty) |W(ty)), whereU (t,ty) = exp(—;—iﬁ(t —t0)> , (1.17)

A

U(t,ty) is a unitary operator, and t stands for time.

Timet appears as a scalar parameter, as quantum mechanics is a non-relativistic theory.
The time evolution operators form a one-parameter Lie-group, with the additive parameter
t:

U(ts, 1)U (1, ty) = Ut ty). (1.18)

As a consequence of their definition, mixed states evolve as

p(t) =U(t,ty)pU (t,t)". (1.19)

In quantum informatics the concept of time is usually not utilized, and the term “unitary
evolution” is used in the sense of action of any unitary operdtorAs a consequence
of the unitary nature ofl, the infinitesimal generator of time evolutithis a Hermitian

operator called the Hamiltonian.
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Quantum mechanics gives us a recipe for defining the Hamiltonian from the classical

description of the system:

POSTULATE 4 (Rule of Canonical Quantization.) Let there be a physical system desc-
ribed by the Hamiltonian function H(Qy,0y, ..., Py, Py,.--), where 0-s and p-s are the
canonically conjugate generalized coordinates and momenta. The quantum mechanical
Hamiltonian is obtained as follows: take the Hilbert space 7¢ of the states of the physical
system. Define Hermitian operators §;, ; on a dense subspace of ¢ so that for their
commutators

holds. The Hamiltonian describing the system is then

H =H(d,4; .-, Pp: Py:---)- (1.21)

It is important to note that Eq|. (1.R0) can be satisfied neither on a finite dimensional
Hilbert space, nor with linear operators defined on the whi@lan the infinite dimen-
sional case. In finite dimensional case for instance, the commutator of position and mo-
mentum is strictly off-diagonal in the position basis. There is still a way to define “quasi”
canonically conjugate “position” and “momentum” operators on finite dimensional Hil-
bert spaces, which will be discussed is sedfioh 3.4.

We also remark that there are physical quantities, such as spin, which do not have a
classical counterpart at all. For these, the Hamiltonian is constructed phenomenologically,

so that the predictions of the model are consistent with the experimental results.

1.2.2 Quantum measurement

The measurable quantities are modeled Ay — .7 Hermitian operators in quantum
mechanics. Hermitian operators are also referred tobagrvable operatorsWe have
already encountered some examples in the last chapter: generalized coordinates and mo-
menta, and the Hamiltonian, which is the operator of energy. If a quantity in argument
has a classical counterpart, that is, it is a functibfm,, q;, ..., py, Py, - - -) of generalized

coordinates and momenta, its operator has to be built up according to the canonical quan-
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tization rule: M(qo,ql,...,rao, P;,...). Otherwise, any Hermitian operator describes an
observable.

The possibly most troublesome postulate of quantum mechanics is the one connecting

the quantum mechanical model of measurement with real experiments:

POSTULATE 5 (von Neumann measurement) Suppose that we have a measuring appara-
tus that measures the quantity M, and ltbe the corresponding observable operator.

Let the system which is subjected to a measurement be in the puréiétatiethe instant
before the measurement. Lgm),m) be the set of eigenvectors (eigenstates) and cor-
responding eigenvalues bf. The measurement result is one of the eigenvalues, and the
i-th eigenvalue is obtained with probability & |(m |¥)[2. (In case of continuous spect-
rum, |(m |W)|? describes a probability density.) At the instant of the measurement, the
state of the system becomes the corresponding eigemstatezon Neumann projection

principle).

Hermitian operators have real eigenvalues, thus the result displayed by the pointer of the
measurement apparatus is a real number. The eigenvectors form an OB, ¢imus
the events “tha-th eigenvalue has been measured” form a complete set of events due
to the normalization of the state vectors. Vectors in the same unit ray provide the same
measurement results with the same probabilities.
In the case of continuous dimensional Hilbert spaddgn) = m|m), and f(m) =
(m|W) is usually called thevavefunctionespecially if the observable under consideration
is a generalized coordinatgf.(m)|? gives the probability density for the measurement of
M.
The expectation (or mean) value of the observablis
(M) = (WM |W). (1.22)
If the system is in a mixed stapg the expectation value reads
(M) =Tr(pM). (1.23)

Taking a realization op, this reads

<M>:Zpi (WM |W,). (1.24)
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It is clear that thep, coefficients are probabilities of having the system described by the
mixed statep in the statgf¥,), thus mixed states can model an external source of sto-
chasticity (e. g. a random number generator), or the lack of knowledge on the quantum
state.

The projection principle can be formulated mathematically as followslf’iL:eqm) (m|
be the projector for the actual measurement result. The state of the system after the measu-
rement is the normalized version®fW) if it was in the statéW), while it is proportional
to PpP, if it was in the state.

In the case of a multipartite system, one may carry out a measurement on a given
subsystem, e.g. subsystem 1. This results in the projeét'@ri, Wherelf’i corresponds
to an observable on subsystem 1, dnstands for the identity operator of the rest of the
system. The partial traces in Ef]. (1.16) yielding the density operator for a subsystem of
a bipartite system can be easily derived from the condition, that for an obsehﬁghﬂa
system A,

A

(My) = AB<M3® iB>AB (1.25)

should hold for any state of the bipartite state. Thus partial trace is a kind of averaging in
the subsystem we are not interested in.

We have tacitly assumed that our measurement apparatus can make a difference bet-
ween all possible outcomes. In reality, some information may be lost due to the technical
construction of the device. An example for this is photodetection in the laboratory, where
no detectors can tell the exact number of photons at the present state of art. Another
possibility is that our measurement is made on a larger system, though we intended to
measure on a subsystem only. These facts suggest that a more general model for a measu-
rement would be more appropriate in some cases. This leads to the concept of generalized
(POVM) measurements. POVM means “Positive Operator Valued Measure”, a mathe-
matical object describing these kind of measurements. Concerning them, | refer to the
literature [63] 64].

The instantenous change to the state imparted by quantum measurement is a very
counterintuitive feature of quantum mechanics, and most of the paradoxes are deeply
related to this. | adopt the von Neumann principle as a given fact. It is far beyond the

scope of this dissertation even to summarize the questions about it. But my results may
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be helpful to know one’s way about quantum measurement.

1.2.3 Nonlocality

Though in this thesis | will not investigate nonlocality directly, it is so central in the phy-
sics of multipartite quantum systems, and so deeply related to quantum teleportation, that
our introduction would be incomplete without making some comments on it. The concept
of quantum nonlocality cannot be fully understood in the framework of standard quantum
mechanics. It is quite natural that there are statistical correlations between the behaviors
of subsystems of e.g. a bipartite system. Some of these are not surprising, as they can
be interpreted classically. The attentiorréally paradoxical correlations between quan-

tum systems of two well-separated subsystems was first drawn by Einstein, Podolsky and
Rosen in their classic 1935 paper/[31]. The word “locality” in a more physical sense ap-
pears in the context of hidden variable theories suggested by D. BEohm [10, 11], which
were completely successful in describing single-particle quantum mechanics. The key
idea was to supplement the state ved¢¥y with some additional parameters, which are
supposed to be unmeasurable and uncontrollable (hence the term “hidden”), and together
with them, a completely deterministic description of the physical system can be achieved.
Randomness enters through the random initial conditions of hidden parameters.

J. S. Bell, who was filled with enthusiasm about Bohm's theories, considered the pos-
sibility of describing multipartite systems. Considering certain correlations of outcomes
of measurements carried out on two subsystems, he found inequalities — later named after
him —, which should hold, provided that a local hidden variable theory is vélid [5]. Loca-
lity means that the result of the measurement on one apparatus should depend only on the
setting of that apparatus, and not on the other. As the description is now deterministic, lo-
cality is a strong restriction. Bell found that quantum mechanical predictions for systems
in entangled pure states contradict with the inequalities. Thus one can conclude that no
local hidden variable theory can describe predictions of quantum mechanics.

The first experiment to verify Bell inequalities was proposed by Clauser, Horne, Shi-
mony, and Holt[[27]. Recently, as entangled states became available experimentally, a lot

of work has been done in order to generalize Bell inequalitie's [46].
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A state that violates Bell's inequalities is referred tonamlocal In the case of pure
states, all inseparable states are nonlocal, and vice versa. In the case of mixed states, the
picture is more Byzantine: there exist states for instance, which are inseparable, but do
not violate Bell's inequalities. Some of these states for instance constitute the class of the

so-called Werner sates [78].

1.3 Elements of quantum optics

In order to study fundamental features of quantum mechanics in actual experimental si-
tuations, one must find a sufficiently simple and well controllable physical system, which

exhibits them in a pure form. Light appears to be an excellent subject for such applicati-
ons. In this section | review some elements of quantum optics, the quantum mechanical

description of light.

1.3.1 Monochromatic modes

Light is described by the Maxwell equations and appropriate boundary conditions in clas-

sical physics[[40]. In vacuum, in the absence of free charges and currents, they read

DE(r,t) = O,
OB(r,t) = O,
10
DXE(I‘,I) = —EﬁB(r,t),
10
O x B(l’,t) = EEE(r,t), (126)

whereE(r,t) andB(r,t) stand for the electric and magnetic field vector as a function of
position and time respectively, aweds the speed of light in vacuum. We use CGS units.
The first pair of equations enables us to introduce a vector potential from which the field

guantities are obtained as

E(r,t)= —%%A(r,t), B(r,t) =0OxA(r,t). (1.27)

The vector potential can be introduced in many ways, we prescribe the gauge condition

OA(r,t) =0, (1.28)
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that is, we work in the Coulomb gauge.

The second pair of the Maxwell equations in Eq (1.26) imply that the wave equation

1 92
(?ﬁ - DZ) A1) =0 (1.29)

should be satisfied. The general solution can be written as
Ar,t) = Z (u(Noye @t +cc.), (1.30)

where the summation is carried out over a complete set of modes characterized by the

orthonormal set of mode functioms(r) satisfying the Helmholtz equation

2
<D2+ %) u(r)=0 (1.31)

with appropriate boundary conditions. The different solutions aretbées are indexed
by the mode indek, ande; andw, are the amplitude and the frequency of the given mode.
The set of boundary conditions that determine the solutions of the Helmholtz equations
represent the geometry of the actual physical scenario under consideration. The mode
functions may be for instance Gaussian functions in case of having a good laser cavity.
There is always a solved classical optical problem behind field quantizatiotice that
possessing a set of mode functions, we have divided the electromagnetic field into a set of
harmonic oscillators described Iay‘“’ntoc,, corresponding to monochromatic modes.
Treating traveling wave fields, it is usual to impose periodic boundary conditions by

considering a large cubic volumé. In this case, the mode functions are plane waves:
1 .
U s(r) = @ek,se”“, o, = cVk2. (1.32)

The role of the mode indekof Eq. {1.30) is now played by the paik,s). The vector

indexk can take the values

Nx
2
lg:T” n |, (1.33)
N

where all three-s are integers, ang} -s are the polarization vectors with the properties

_ _ k
s€{1,2}, g & ¢ = O g, ANdg ; X § , = 7. The larger the volume, the more modes
appear. To be exact, one should take infinite quantization volume, obtaining a continuum

of modes. In situations investigated in quantum optics howeveragssmedhat only a
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single mode, or a few distinct modes are excited. This mere assumption is well justified
by experiments. We remark here that pulsed lasers are non-monochromatic, but, as it will
be discussed in sectipn 1.8.4, non-monochromatic fields of certain coherence properties

can be treated as single mode fields.

1.3.2 Quantization of fields, harmonic oscillators

In the last subsection we have seen how the electromagnetic field can be split into modes,
each mode described by a harmonic oscillator. The quantization of the field resides in
guantization of these oscillators.

We define theguadraturesas

1 /o . 1 o N
9= #(O‘WLO‘I% P=-1g #(O‘I_O‘I)’ (1.34)

which are proportional to canonically conjugate quantities, the “position” and “momen-
tum” of the actual oscillator. Optically, they describe the cosinusoidally and sinusoidally
varying part of the wave. Then we apply the rule of canonical quantization described in

postulaté j: we define Hermitian operatgyaidp, so that
[qh f)|/] = i5|7|/- (135)

(Note, thath does not appear on the right hand side, as the quadratures are definied to be
dimensionless.) We now have quantum oscillators for each mode. It is also worth defining

the following non-Hermitian operators:

g +ip

a = , (1.36)

N

for which

4,801 =4,. (1.37)
These are callednnihilation andcreationoperators for a reason that will become clear
later. Up to anw,-dependent factor, they are quantized versions ofcthamplitudes
and their complex conjugates, respectively. Namely, the quantized vector potential (c.f.

Eq. (I.30)) is then represented by the operator.

A(r.t) :CZ”% (u(nae '™ +hc.). (1.38)
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Quantum operators of quadratures can be expressed by the creation and annihilation ope-

rators as At ~ At
R A S G B
| \/z ’ | \/éi :

In case of having plane waves as mode functions, the mode infeescto be replaced

by the pairk,s. Thus Eq.[(1.38) for instance reads

A _ | h 1 s L(kr—at)
A(r,t)=c 2L3é—\/@ <sk’sakﬁse k +h.c.), (1.40)

c. f. Eq. [1.32). (Let me remark that in Egs. (1.38) dnd ([1.40), the left hand side is in the

Heisenberg picture of quantum mechanics, that is, the time development is included in the

QO

(1.39)

operator, while the@ andd’ operators on the right hand side are time-independent ones in
the Schrddinger picture.)

The Hermitian operatong = élTé1 is related to the energy of the oscillator representing
the given mode. Considering a single mode only, the spectrumisfodounded from

below, and the eigenstates can be labelled by natural numbers:
Aln) =njn), neN. (1.41)

These states are called photon number states or Fock states [33], and they form a complete
basis on the Hilbert space of the given mode. The Hilbert space of the entire electromag-
netic field is the tensor product of the oscillator Hilbert spaces. Physioaiynterpreted

as the number of photons in the given mode, pmds a state with exactly photons. The
state|0) is calledvacuum it describes the lack of any photons. The operatbantiaare

photon creation and annihilation operators:
a'ny=+vn+1|jn+1), 4&n)=+njn—1), (1.42)

describing absorption and emission of a photon in the given mode.

1.3.3 Photodetection

According to Postulafg 5 an ideal photodetector, which measures the state of a given mode
should work as follows: suppose that the field to be measured is in|$tatéProvided

that the detector measurephotons the state of the field should be projectephfpand
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this event should occur with probabilityn|W)|2. Throughout this thesis | will adopt this
rather simple picture. The aim of the following paragraphs is to relate this naive and
idealized approach to reality.

For simplicity, let us assume that we have completely polarized light, thus the polari-
zation indexs can be omitted. Following Glauber [36,/70], we introduce the positive and

negative parts of the electric field, which is obtained from Eq. (1.40) by the application of

Egs. (1.2],1.36):
EM(rt) =i Z ,/%mu' (re'™'a,

EC)(rt) = —i Z \ /%hwl ui (r)e™ta, (1.43)

which are Hermitian conjugate to each other, and the electric field at spacetime point
can be expressed as

~

E(r,t) =E® (r,t)+EC)(r,1). (1.44)

A more realistic model of a detector is a very small object at pojiwith frequency-
independent photon absorption property. The detection event is the absorption of a single
photon. If the field was in the stat®;), and after the detection it ends up in the state

|W;), the field matrix element for this event is
(W ED(r|w). (1.45)

In this picture of detection however, we don’t know the actual final state, thus in order to
obtain the transition rate per unit time, we have to sum up the square absolute values of
transition matrix elements for a complete sef'¥f). By supposing that the detector is

of broad bandwidth and weights the contributions of the perturbation equally, one obtains

for the counting rate, i.e. detection probability per unit time
Paed 1) = (WIEC (r HEF (r,t) |W). (1.46)

In the case of a single-mode field, the counting rate is proportional to the mean photon
number(fA), as one would expect. Since the measurement does not determine the final
state exactly, we are left with a density matrix. A real detector does not realize a von

Neumann measurement, it can only be described as a generalized (POVM) measurement.
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Thus in reality, detectors measure intensity, i.e. mean photon number. How could one
construct a detector which really “counts” photons? There are detectors of single photon
sensitivity that is, they fire even if only a single photon is present. Notice that they may
realize projective measurement to the vacuum state very well: if we can assure that at
most a single photon is present in any case, according t¢ Eq| (1.46), they appear to project
onto |0) or |1). This can be exploited in order &pproximatelyrealize photon counting:
guiding the mode to be measured to a sufficiently large multiport, it is very likely, that at
most one photon is present in any of the output modes at the same time. Putting detectors
of single photon sensitivity in front of the outputs of the multiport, photon counting is re-
alized approximately, though unfortunately the contributions due to the presence of more
than one photons in the output ports cannot be neglected. SeelRefs.| [60, 49] for details.

Another possibility is to exploit two-photon absorption, the second order effect that
was not taken into account in the above description of Glauber's photodetection theory.
An analysis can be found in [75].

We can conclude that, — though at the present state of art photon counting is not really
feasible —, it is not impossible theoretically, and thus it is worth investigating situations
from the point of view of von Neumann'’s projection principle in our situation as well. On
the other hand, situations which are feasible experimentally can be analyzed only if one

understands the behavior of the system under idealized conditions.

1.3.4 Non-monochromatic fields, coherence

Most of the experimental schemes treated in chdpter 5 utilize short laser pulses. There-
fore it is necessary to mention, how modes can be defined in that case. This problem is
connected with the concept of coherence.

Suppose that we have two photodetectors at spacetime poittsindr,,t,. Accor-
ding to Glauber’s photodetection theory [36] the first order correlation of detection events

Is the expectation value

G,Et]:)v(rl’ter?tZ) =Tr (PEﬁf)(rrtl)E(vﬂ(rzvtz)) : (1.47)

where the indicegt, v stand for the vector components of the field. The field is said to
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possess first order coherence if this correlation function factors as

Gﬁtl,)v(rbtlv Foty) = & (rpt)év(raty), (1.48)

where& is a complex solution of the wave equation. Monochromatic and completely
polarized fields are for instance coherent to the first order. It was shown by Titulauer and
Glauber [70] that if a polychromatic completely polarized field of a single spatial mode
possesses first order coherence, it can always be treated as if it were a single mode field.

One may construct new mode functions from those defined i EqJ(1.30) as

v (r,t) =i Z%’k‘ / %a)kuk(r,t)ei“’kt, (1.49)

where the coefficientg , constitute a unitary matrix. The new annihilation operators are

defined by the canonical transformation

b = nyfkék. (1.50)

It is shown in Ref.[[70] that the coherence condition in Eq. (1.48) implies that the trans-
formation can be chosen in such a way that only one of the new modes are excited. It is
therefore reasonable in case of non-monochromatic fields possessing first order coherence

to speak about single mode fields.

1.3.5 The Wigner-function representation

Consider a single-mode electromagnetic field, i.e., a harmonic oscillator. In classical
physics, the state of an oscillator is completely described by the statistics of the amplitude
o defined in EQ.[(1.30). This complex quantity involves two observables, namely the
guadratures and p defined in Eq.9) which are, up to a factor\d®, the real and
imaginary part ofx.

In quantum mechanics on the other hand, it is not possible to measure these quantities
simultaneously, according to the Heisenberg uncertainty principle. The question arises
whether — in spite of this fact — one can represent a quantum state as some kind of a
“probability distribution” defined on th@hase space.e., the complex plane involving
all a-s. It turns out that there are infinitely many ways of doing so, and the functions

defined this way may lose an important property of probability distributions: positive
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definitivity. Therefore they are callegliasiprobabilities In what follows | summarize the
properties of the Wigner function which, to some extent, resembles classical phase-space
distributions the most. It is a very brief summary, for details see the excellent texts and
summaries available on the topic, e.g. Refs! [52, 65].

Wigner’s original definition of the distribution function reads for a field sgate
1 T i X X
- = X/ a— 215 Z
W(a.p) = 5 /dxé <q 5lpla+ 2>dx (1.51)
Alternatively one may define th@ymmetrically ordered characteristic functias
~ £at_gx3
%(8) = Tr(pes? ~=9), (1.52)
and define the Wigner function as a two-dimensional Fourier transform:

W(g,p) = % / d%E xs(E)e™ %, a= t\/-;p. (1.53)

The two definitions can be shown to be equivalent. The function defined this way is real-
valued, and has certain interesting properties. The most important of these from our point

of view are the following:

1. The Wigner function is normalized:

[ee]

/dq]ode(q, D=1 (1.54)

—00 —00

2. Theoverlap property for anytwo operatorsf1 and Ifz, if we define “Wigner func-

tions” similarly to Eq. [(1.5]) as

1 T i X| =~ X .
then . .
Tr(FFp) =27 / dg [ dpW. (0, PV, (g, p) (1.56)

holds. In particular, iﬂfl is an observable, ariél2 is a density operator, then this
formula allows the calculation of the expectation value of the observable. Expecta-
tion values can be regarded as projections of the Wigner function filtered with the

corresponding function of the observable.
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3. Marginals. Though the Wigner function itself is not in general positive definite,

averaging it in either of its variables we obtain positive definite functions:

Pe(Q) = / dpW(q, p),

Po(p) = / dgW(a, p), (1.57)

which are the probability densities of measured values of the obsen@hlesp
respectively. One may define even more general marginals, but these two will be

sufficient for my purposes.

Wigner functions can be defined for multipartite systems as well. Similarly to the
definitions in Eqs[(1.52) anfl (153), for a bipartite system one may define

xs(éﬁlj 52) = Tr(ﬁegléiiéféleézégfégéz)’
1 o o
W(qla pvaZv p2) = ?/dzél/d2§2xs(§l,€2) ealél_aléleazgz—(xzéz’ (158)
o, = \/é(q]_ + ipl)a o, = \/z(q2+ |p2>

Though for separable states

W(dy, Py, Po) =W(dy, P )W(dy, Py) (1.59)

holds, this is not true in general. The Wigner function for a subsystem is obtained by

averaging over the other subsystem:

W(dy, py) = / dag, / dp,W(dy, Py, sy, Py),

00 00

W(a,, p,) = / dog, / dp,W(ay, Py, 0y, Py)- (1.60)

—00

1.3.6 Coherent states, coherent-state representations

Consider a single-mode electromagnetic field. A coherent state is an eigenstate of the
annihilation operator:
ala) =ala). (1.61)
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The Wigner function of a coherent state is a Gaussian centered at the phase-spagge point
with a width corresponding to vacuum noise, showing that this family of states describes

a “most classical” state of a quantum oscillator with mean amplitude

The Glauber displacement operator

There are several other approaches to the definition of coherent states. One may introduce

the Glauber displacement operator
B(B) =& P2 (1.62)

possessing the remarkable property of “displacing” states in the phase space: ifpa state
is described by the Wigner functiol' (), then for the Wigner functioWV’ (o) corres-
ponding to the statp’ = D(8)pD(B)T,

W (a) =W(a+B) (1.63)
holds. Thus coherent states are displaced vacuum states:
o) = D(a) |0). (1.64)
A frequently exploited property of the Glauber displacement operators is
D(a)D(B) = e2( @ BB (g + B). (1.65)
From this and Eq (1.64) follows that a displaced coherent state in general reads
D(B)|a) =P F |+ p). (1.66)

Coherent-state representations

Coherent states are eigenstates of the non-Hermitian operaldiey are not mutually

orthogonal, namely the scalar product of two coherent states reads
(a|B) = e 3(laP+BP)+a B (1.67)
The absolute value of this product is

(| B)[2 = el PP, (1.68)
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that is, the farther two coherent states are on the phase space, the closer they are to ortho-
gonality.

On the other hand, the set of coherent states is complete:

= [ cala) (/=1 (1.69)

This means that coherent states constitute a basis of the Hilbert space of the harmonic
oscillator, but this basis is not orthogonal. Moreover, it can be found that this basis is
overcomplete: there is an ambiguity in expanding a state on this basis, and even a sub-
set of the coherent states turns out to be sufficient to expand a state. The mathematical
background for these selections is the theorem of Cahill [23].

There are representations exploiting the whole phase space. Afamous one is Glauber’s

analytic representation: any pure stgte of a mode can be written as
o * 2
|lP>:/e + ()| or) dar. (1.70)
C

It is the only way of defining a representation such that the functi@r) is analytical
on the whole complex plane. | will exploit this representation in chggter 4. The gene-
ralization to mixed states is the so-callPerepresentation: any stapecan be written
as

p= /(CdZaP(oc) la) (] - (1.71)
TheP function, or Glauber function turns out to be another quasiprobability deeply related
to the Wigner function.

The question naturally arises whether one can find a basis on which at least a suffi-
ciently large set of states can be written as a superposition of coherent states in a subset
of the phase space. An example of such methods, the one-dimensional representations
exploit the fact that a set of coherent states corresponding to a one-dimensional curve on
the complex phase-space form a complete basis. This makes it possible to express any
state as a superposition of coherent states placed along a one-dimensional curve, instead
of taking all possible coherent states of the phase-space with nonzero weights [1, 41]. A
simple example is when the superposition integral goes over either the real or the ima-

ginary axis [45], which will be applied in chaptef 4. Even more can be done in order
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to decrease the number of coherent states involved. It has been shown that even a fi-
nite number of coherent states may be sufficient to approximate certain classes of states

surprisingly well [42].

1.3.7 Parametric down-conversion

The entangled states in optical experiments are usually generated by parametric down-
conversion. In this nonlinear optical process a photon of a strong incoming coherent light
field (pump) decays into two photons with some probability. The decay is due to the
elastic interaction of the light with the electron system of the medium which it travels
through. This medium is usually a nonlinear optical crystal, and both the wave vector and
the polarization of the outcoming down-converted photons is determined by the phase-
matching condition, i.e. the conservation of momentum.

In the quantum mechanical treatment the pump is not quantized, and the process is

described by the interaction Hamiltonian
H = k4,8, +h.c. (1.72)

The factork includes pump strength and effective nonlinearity of the medium.

The resulting two-mode state (in the non-degenerate case), if the intensity is suffici-
ently small, may be well approximated as a superposition of vacuum and the two-mode
Fock-statg1,1), though with some probability states with two or more photons are also
present. The propagation and polarization direction of the modes is fixed by the conserva-
tion of both photon momentum and energy, the so-cgllease matching conditidi82].
Exploiting polarization relations determined by the phase matching, the resulting states

are also polarization entangled.

1.3.8 SU(2) theory of beam splitters

A beam splitter, or linear coupler is a device coupling two input and two output ports,
each of which are single modes of the electromagnetic field. In this way, it is a basic
component of all interferometric schemes. The details of the theory of lossless passive
beam splitters can be found in Ref. [24]. Our task is now to emphasize the strictly group-

theoretical aspects of the theory. latanda, denote the annihilation operators of the
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input ports, an(f)l andf)2 those of the outputs respectively, as depicted in . 11. Ina

b output b,
input

Figure 1.1: A beam splitter

passive lossless linear beam splitter (or in a linear coupler) these are connected via

U4, i=12 Uesu2), (1.73)

M e

j
thus the 2< 2 matrixU is a matrix corresponding to the fundamental representation of

SU(2), most generally:
gfcosd €% sind
U= , . . (1.74)
(— ~!Prsing e '® cos@)

The three parameters describing the beam splitter correspond to a parametrization of
SU(2). They have physical meaning: ¢@3 is the beam-splitter transmittance, white
and g, are the phase shifts imparted by the beam splitter to the transmitted and reflected
beam respectively.

Both the input and the output pair of modes can be regarded as two-dimensional os-
cillators, and used as bases for representatiorS8Ug2) symmetry. According to the
Schwinger representation of angular momehta [9] the generiafoks, L, of the su(2)

Lie-algebra can be constructed as

. @& ah/ L6 a
Lk:(l a2)< 27k )( 1), k=123, (1.75)

A

)
where theg,-s are the Pauli-matrices. The output operaﬁx}rsealize thesu(2) Lie-
algebra in the same way, these generators will be denotﬁq,lb@é, KS. The consequence
of this is that the two-mode number statasm) can be divided intd&SU(2)-multiplets.
We consider input states, the method is the same for the output states. One may construct

the operator

1
[=S(ala, +a4), (1.76)
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from which the operator of the “square of angular momentum?”, is the Casimir-operator of

the algebra, can be constructed as
[2=1(I+1). (1.77)

The multiplets can be indexed by the eigenvalue of the Casimir-operator. In the theory of
the angular momenta, it is usual to use the eigenvaliliénstead, as it is in a one-to-one
correspondence with the eigenvalue 8f In our case, a multiplet of indexis the set of

the number states of 2= n+ m. The states in a multiplet are indexed by the eigenvalues

I3 = 2(n—m) of L;. Thus instead of the photon number, states can be indexed as
In,m) = |[l,15). (1.78)

The ladder operatols, = éflré,z, L = égél defined in the standard way can be applied to
increase and decrease the indiexThe same relabelling of states can be defined for the
number states at the output.

The beam splitter itself is also &U(2) device according to Ed. (1.]73). There are two
important consequences of this fact. One of these is that the Lie-algebras at the input and
at the output are related as

~ 3 ~

K, = lzlﬁkl L, k=123, (1.79)
where ¢ is the element o6Q(3), rotations of the three-dimensional real vector-space,
corresponding t&J in Eq. (1.78). This provides us with the opportunity of visualizing the
action of the device as a rotation of a vector in the three-dimensional space. The detailed
analysis can be found in Ref. [24]. The other important consequence is that the multiplets
of the states are invariant subspaces of the beam splitter transformation jn E§. (1.73),
namely,| is conserved by the transformation. Thus the notation in [Eqg.](1.78) is very

suitable for the description of the beam splitter transformation.

1.3.9 Optical homodyning

Optical homodyning is a method for measuring quadratgresd p of Eq. (1.3%) of a
single mode light field. The idea is to employ a strong laser beam as phase reference to

the light field to be measured. In a balanced homodyning scheme, the two fields interfere
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on a symmetric beam splitter, and intensities of the two output fields are measured. The
difference of the two intensities can be easily shown to be proportional to one of the quad-
ratures, depending on the phase shifts at the beam splitter. Homodyning is a fundamental
tool of quantum state reconstruction. It is beyond the scope of this thesis to describe
homodyning in detail. A good review can be found in Ref.[52].

Throughout this thesis, homodyne detectors will be considered as ideal devices reali-

zing von Neumann measurement of a given quadrature.

1.3.10 Summary

In this chapter | have given a very brief introduction to the variety of tools applied th-
roughout the rest of the thesis. The aim of this overview was to make this thesis as
self-contained as possible, and provide the point of view most suitable for the phenomena

discussed.



Chapter 2

Introduction to quantum teleportation

Quantum teleportation has been the subject of extremely intense research in the past few
years. It would therefore be impossible to summarize even those considerations which are
related to my results presented in this thesis. In this chapter | outline the very first ideas
of quantum teleportation. Two schemes will be introduced here: the original Bennett
schemel]7] for qubits, and the Braunstein-Kimble protocol for teleporting a state of a

single-mode electromagnetic field [17] 34].

2.1 The Bennett scheme of teleportation

Let me describe the steps of a Bennett type teleportation scheme qualitatively. The sender
— traditionally named Alice — possesses a physical system (subsystem 1, see]Fig. 2.1)
in some unknown state. The state has to be destroyed by Alice and “resurrected” at
a receiver, Bob. Destroying the state is necessary, as copying (“cloning”) of physical
systems is forbidden in quantum mechanics [81]. In order to carry out teleportation, Alice
and Bob share a bipartite system (subsystems 2 and 3), in an entangled state. Alice then
carries out a joint measurement on subsystems 1 and 2, which entangles them. According
to the von Neumann projection principle, subsystem 3 is left in some state which is a
transformed version of the one to be teleported. The transformation itself depends on the
outcome of Alice’s measurement. This result is communicated to Bob, who obtains the
teleported state by carrying out the inverse transformation.

Bennett formulated the protocol for qubits, and gave a generalization to arbitrary finite

30
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1

to be tel eported
L

Figure 2.1: The block diagram of a general teleportation scheme. Alice and Bob share
an entangled pair (entangled resource) emerging from the source S. Alice carries out a
joint measurement entangling subsystems 1 and 2 with the device B, and communicates
the result to Bob. After receiving this information Bob can restore the original state via a
unitary transformation carried out by the device U. The required transformation depends

on the classically communicated result.
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dimensional schemes. | quote the description for pure states of qubits, but it is easy to see
that it works for mixed states as well.

The Hilbert space of a single qubit is spanned by the computational {asisl)}.
Considering two qubits, the product basis of the joint Hilbert-spat@®® ,|01) ,|10), [11)},
where we apply the notatioij) = |i) ® | j) for tensor products. It is worth introducing
another basis on the two-qubit Hilbert space, consisting of entangled states only. This is

the so-called Bell-basis:

W) = %2001>i|1o>>,
|DE) = \%(|00)i\11>). (2.1)

These states amaximally entangledwhich means that the partial trace of them in any
of the subsystems is the completely mixed state represented by the density operator pro-
portional to unity.

As for the teleportation protocol, Alice has subsystem 1 in the general state
W), =al0);+B1);, B=v1-a2? (2.2)

Alice and Bob share subsystems 2 and 3 in the entangled state

_ 1
W )os= Nz (102),3—110)p3) - (2.3)
Now the state of the whole system of three qubits is

© (joon) — 010) + - (j101) - 110)). (2.4)

V2 V2

Expanding this state on the Bell basis in subsystems 1 and 2, one obtains

|W>123:

Whizg= (W )1 (~a|0)3—Bl1)g) +[WF) 5 (~a|0)3+B1)5) +
|@7) 12 (2 |1)3+B0)3) +9F) 15 (1) — B10)3))- (2.5)

One can see that if Alice performs a joint measurement on subsystems 1 and 2 which
projects onto the Bell basis, the state of system 3 becomes a unitary transform of the
incoming state. The measurement result is transmitted to Bob through a classical channel.

Bob, being aware of the result, can invert the appropriate unitary transformation, thereby
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succeeding in teleportation. For lack of the knowledge of the measurement result, it is
impossible for Bob to restore the state. All four outcomes of the measurement appear
with equal probability, thus if one observes the classical channel which transmits the
measurement results, one finds two qubits of random noise. Both the classical information
and quantum entanglement aegjuiredto teleport the state. As Bell states are maximally
entangled, subsystem 1 remains in a maximally mixed state after the teleportation, thus
the input state was indeed completely destroyed, and generated elsewhere.

Notice that if the measurement projected onto st#te), Bob obtains the teleported
state without doing any transformations. Thus ji4 bf the cases, teleportation succeeds
even if Bob does not have an apparatus for carrying out unitary transformations. This is
the case oprobabilisticteleportation.

The scheme described here was first realized experimentally in Innshrdck [15], in
1997, and a similar one was carried out in Italy/[12]. In both experiments, the state of a

photon generated by down-conversion was teleported.

2.2 The Braunstein-Kimble scheme of teleportation

The scenario for teleporting continuous quantum variables was introduced theoretically,
and realized experimentally first by Braunstein and Kimble [17, 34], based on the idea of
Vaidman [73]. The protocol itself is very similar to the one depicted in[Fig. 2.1: only the
physical systems and sub-procedures involved are different.

The system Alice wants to teleport is a single-mode electromagnetic field in the state
described by a Wigner functidw, (q,, p;). The entangled resource is a two-mode elect-

romagnetic field, in a so-called two-mode squeezed state

W,5(0y; Po, O3; P3) = % exp(—e (0, — Og)? + (P, + p3)2)
—€ ((ap+03)° + (P, — P3)?)) (2.6)
wherer is called thesqueezing parameten the ideal case tends towards infinity, and
Wa3(0p; Py, Gz, P3) — const - 6(0f, +03) 6 (P, — Pg)- 2.7)

This Wigner function clearly describes the original Einstein-Podolsky-Rosen situation [31],

as it was discussed by Bell[6]: positions and momenta are completely correlated. Howe-
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ver, ther — oo situation cannot be achieved experimentally, as it would describe a state of
infinite energy. In spite of that, | describe the simpler ideal case here.

The measuring device consists of a beam-splitter to entangle modes 1 and 2, and
two homodyne detectors measuring quadratures of the modes. Two joint, commuting

operators are measured, which are the results of a canonical transformation, e.g.,

1 1
QZTZ(q2+q1)’ PZTZ(pz_pO- (2.8)

This measurement is described in terms of the concepts of séction 1.3.5: projection is
described by averaging over the complementary variables of the measured quantities, par-
tial traces are described by averaging over the corresponding subsystems. The measure-
ment statistics oP andQ are found to be uniform: any value @andP can appear with

equal probability. These values are communicated to Bob through the classical channel.
After tracing (i.e. averaging) over mode 1, the (unnormalized) Wigner function of the

output state is
W;(0g, P3) =W (A3 — Q, p3 — P). (2.9)

The output state is a shifted version of the input. In the non-ideal case, a Gaussian smooth-
ing would appear. Bob can do the inverse shift (unitary transformation), and regain the
required state.

Some features of the qubit scheme described in the previous subsection can be re-
cognized: the classical information is a random noise, but teleportation cannot succeed
without this information. Also, the input state is destroyed.

| gave a rather brief description of continuous variable teleportation here, a more de-

tailed analysis will be a result of chapjgr 4.

2.3 Summary

| have introduced the two most typical protocols of quantum teleportation. The connec-
tion between the two protocols is not completely trivial. It will be better understood in
sectior 3.4.



Chapter 3

Quantum teleportation on generic

Hilbert-spaces

3.1 Introduction

This chapter describes some results concerning quantum teleportation on generic Hilbert
spaces, valid regardless to the actual physical realization of the protocol.

In sectior] 3.P, | investigate a classical limit of the Bennett scheme described in section
[2.1. I show that quantum teleportation is a quantum generalization of the classic one-time
pad cypher.

In section 3.B, after introducing some concepts of quantum channel theory, a rather
abstract description of the most general finite dimensional Bennett-type quantum tele-
portation schemes is given. The description introduced is completely independent of the
dimensions of the Hilbert spaces involved, and we do not even need to fix a basis. | give
a general requirement of successful conditional teleportation in terms of the applicable
entangled states and joint measurements.

In sectior{ 3.4 | give a description of Bennett's scheme in terms of the finite dimensi-
onal Wigner function formalism introduced by Wootters. The infinite dimensional limit
is also outlined. These results reveal the connection between the Bennett scheme and the

Braunstein-Kimble schemes outlined in chapier 2.

35
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3.2 Classical limit of quantum teleportation

In this section | examine what happens to a teleportation scheme, when the density matrix
elements of the entangled state used as an entangled resource, which are off-diagonal on
the product state basis, are reduced. This approach, turning the entangled state into a
classical correlation, obviously offers a possible way of obtaining a classical limit of the
teleportation process.

In section 3.2]1 the class of bipartite states in argument is described, and Bennett's
protocol of quantum teleportation of a qubit is summarized in a consistent density matrix
formalism. The latter can be regarded as a special case of the treatment of [57] or [39].
By replacing the ideal EPR pair with the states investigated, | obtain the main result of the
section. Starting from this, two examples are studied in detail: in Subsgctioh 3.2.2 the pu-
rely classical limitis introduced, and in Subsecfion 3.2.3 cases between the ideal quantum
teleportation and the classical limit are analyzed by examining a gedanken experiment.

Throughout this section, | use the terminology of séirparticles, which are pro-
totypes of two-level quantum systems, that is, qubits. It will enable us to envisage
the classical-quantum transition through a simple gedanken experiment. The- spin
component eigenstates of the particles are denoteld)bgnd|]). This will be useful

in order to describe the gedanken experiment in Subsé€ctior) 3.2.3.

3.2.1 Quantum teleportation revisited

Let us examine Bennett's scheme of quantum teleportation [7] of a qubit: the sender,

Alice has particle 1 of spir% in the state

p = (Poo Pm) | 3.1)
n
P10 P11

and wants to teleport it to Bob. The upper indices of density matrices (and other operators)
refer to the number assigned to the particles. A and B share particles 2 and 3, as an
entangled resource. These particles are in a gt&f, which is a pure EPR singlet in

the ideal protocol. There is also a classical communication channel between the parties.
Alice has an ideal Bell-state detector, and Bob can carry out unitary transformations on

particle 3 given to him. Let us suppose that the state of particles 2 and 3 is described by
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the following density matrix:

Plrored @) = (H2> [1a) (To] (La] + [12) [T3) (Lol (T4]
- |T2> [La) (Lo (T —a[12) [13) (12| {13])- (3.2)

The lower indices in the kets indicate the number assigned to the particles: heta

real parameter between 0 and 1. Bor 1, p23 (1) = )W ><W§)’, thus in this case
Alice and Bob share an ideal EPR pair. This is the case of ideal quantum teleportation.
Otherwise, the off-diagonal elements of the density matrix are multiplied.l5yora =0

the density matrix is diagonal in the product state basis, describing classical statistics only.
This state is the mixture of the product stafes) | |5) and||,) |15). Such a state can be
generated by alassically stochastisource emitting particles with opposite spins, with
equal probability of sending “up” and “down” state both for particles 2 and 3.

The Bell-states introduced in Hqg. P.1 will be denoted by

1
W) = (DI
1
[997) = (DN EIIL) 33)

here. The states in Eq. (8.2) may be rewritten in the Bell-basis, yielding
l1+o
23 n
Plomed®) = ‘q} > < 23 ‘ T ‘q} > <lP(23)‘ 7 (3.4)

that is, the state is a mixture of the twéBell-states. These states are similar to Werner
states (which were examined from the teleportation’s point of view in references [35, 13]).
Let me consider now the entire teleportation process. Initially, the state of the whole

system of three particles is the product of the states in Egs. (3.1) and (3.2):

123
pi(n ) sharec;a (3'5)

Alice carries out a Bell-state measurement, which is described by one of the operators

including projection of subsystems 1 and 2 to a Bell-state,
5(123) _ | <33
pa23 ()w ><w(1';‘®1< ), (3.6)

where|W()) stands for one of the four Bell-states. The result of the measurenignbis

responding to theth Bell-state. This information is sent to Bob via the classical channel.
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Because of the detection of each Bell-state occurs with proba%jlﬂye operator is mul-

tiplied by 4 in order to preserve the norm of the state obtained. The state of the system
after the measurement is given by applying the operator in equatign (3.6) to the state in
equation[(3.5). From this one obtains the state of Bob’s particle by tracing out in the other

two patrticles:
P =Tr,, (p_azs) p(123p12 >) _ (3.7)

i in
In the last step, Bob has to apply a unitary transformatiét on statepf), according

to Alice’s measurement resultwhich is the identity operator in case Alice has detected

W)Y, and
O _ 1 0 0 1\ /0 —i a9
“\o —1/)\1 o/)'\i o)’ '

in case of detectin#P(+)>,’¢(_)>, and’q>(+)> respectively. Carrying out the calculati-

ons described, one obtains the following result: the state teleported to Bob reads

Poo  @Po1
pld) = ( ) . (3.9)

0P P11
It can be seen thdlhe reduction of the off-diagonal elements of the density matrix descri-
bing the entangled resource is inherited by the teleported stdies teleportation acts as

a phase-damping channel [64].

3.2.2 The one-time-pad as a classical limit of teleportation

As a first example, let me examine the case of “teleporting” a classical bit. Assume that
a =0, that is, the density matrix describing the entangled resource is diagonal. According
to Eq. [3.9), only the diagonal matrix elements of the density matrix of the input state,
l.e. the statistics of the measurement of the spaomponent are preserved. Let us
suppose that the input state in Eg. [3.1) is already diag@ngk= py; = 0, and consider
measurement of thecomponents of the spins.

Under these circumstances our particles can be exactly identified with classical bits.
The states of these classical bits, denoted,land|, are identical with the basis quantum
states|T) and|]). The diagonal density matrix of the input quantum state describes a

classical probability distribution of bit 1. This is transferred into bit 3 via a classical
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communication channel andctassicalcorrelation. The process itself can be interpreted

in the following way: The source of bits 2 and 3 generates correlated bit-pgigsor

1,15 With equal probability. This can be considered as the classical limit of an EPR-pair.
Bit 2 is obtained by Alice, who makes a measurement, which tells whether bit 1 and 2
are the same. One cannot speak of superpositions in this classical context, and therefore
the twoW and the twod Bell-states coincide in this limit: the former two mean simply
“the two bits are different” ¢-detection), and the latter “the two bits are the san®@” (
detection). Thus the Bell-state measurement degenerates to an “exclusive or” operation,
resulting in a single bit of information, communicated to Bob. Bob has to carry out the
proper transformation to regain the “teleported” bit. There is no phase of the probability
amplitudes for classical probability, thus the transformations in[Eq. (3.8) degenerate to a
conditional NOT operation: in case d#‘detection”, Bob has obtained bit 3 in the proper
state, while in case of® detection” he has to invert bit 3. Finally bit 3 is left with the
original value of bit 1. Since the values of bits 1 or 2 are irrelevant for the “Bell-state
measurement”, it is not necessary for Alice to be aware of the actual value of bit 1 to be
“teleported”. Therefore the method works for “teleporting” an unknown classical bit as
well, similarly to the quantum protocol.

The classical protocol described here is well known as the one-time-pad cypher in
classical cryptography [67]. This is, in some sense, the classical protocol most similar to
guantum teleportation. It is the “teleportation” of the (possibly unknown) state of a clas-
sical bit via a classical communication channel and a classical correlation. The classical
correlation provides random noise without the classical communication channel, while
the classical channel by itself is useless for reconstruction of the result without the mem-
ber of the correlated pair. Note that instead of measuring the state of bit 1 and simply
communicating its value, only a comparison with a reference has been made.

Figureq 3.]L anfl 32 visualize the relation between the one-time-pad cypher and Ben-

nett's quantum teleportation scheme.
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Alice

Random Source

O : bit (coin) %/@@\QA?
OR
oo

Figure 3.1: The one-time pad cypher

(2 random bits)

Cil
+C 1D
Alice ()

. :qubit (e.g. spin-3 particle)
DD =D

Figure 3.2: Bennett's scheme, to be compared ith 3.1
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3.2.3 Statistics of a gedanken experiment

Having described the classical analogue, | now examine theocgd® which interpolates
between the classical and the quantum case. | calculate the consequence of Eq. (3.9) to
the result of a teleportation experiment. For simplicity, let me suppose that th«% spin
state to be teleported ), rotated by a given angle around thec axis of the coordinate

system. The operator of this rotatiobh£ 1) is
R(p) = e2%, (3.10)

oy being the first Pauli-matrix, and thus we have the state

. cog ¥
\%4¢»:Rwﬂw=:<.qf> (3.12)
isin()
to be teleported. According tp (3.9), one obtains
B cos (%) —iacoq%)sin(%)
Poul ®, ) = <iacos(§)sin(§) sir?(%) ) (3:12)

as a result of the teleportation process. In order to verify the teleportation, one may
measure the spin along an axis obtained by rotating thas by the angle,, around the

x axis. The probability of finding a spin component{% along this direction is

2(9,9m. &) =Tt (poul @, @)R(gm) [1) (1R (o))

_cos(@)cos(gm)  osin(@)sin(¢m)
- 2 + 2

+1/2. (3.13)

For a = 1 the familiar cosine-type result valid for ideal teleportation is obtained,

co — +1

which is equal to 1 forp = ¢, meaning perfect teleportation to any direction. For a
given input stat¢W, (¢)), the probability for finding the output in the input state after the

teleportation is the fidelity of the teleportation of the input state. This fidelity is

P(@,0,a) = aglsin2<p+1. (3.15)

In figure[3.3 | have plotted this function. It is equal to 1 in the case of ideal teleportation.

The basis statd$) and|| ) are always properly teleported, as we have seen in the classical
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Figure 3.3: The fidelity of the teleportation of the spin pointing to the direction described
by the anglep plotted against the parameterdescribing the impurity of the state.

case. The minimum of the fidelity for amy occurs for the equal superposition of the two
basis statesgy = 7/2). The minimum value foox =0 is % expressing that the result of

the measurement can be eithi@r | with equal probability, thus this state is not teleported

at all. Increasing the purity of the entangled resource the domain of the angles increases,
in which teleportation can be regarded as reliable.

The consideration presented here illustrates the quantum-to-classical transition.

3.3 Teleportation in terms of relative state representati-
ons

In this section finite dimensional probabilistic teleportation schemes will be classified
generally. | utilize elements of the theory of quantum channels. “Quantum channel” is
the synonym for “quantum operation”, though this word is sometimes used in a different

sense in the literature. The term “superoperator” is also used in the same sense.
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3.3.1 States, channels and antilinear maps

In classical communication schemeg®nnelcarries information from one place to anot-
her. Thus a channel is modeled by a function describing the changes the information is
subjected to by the transmission. The quantum counterpart is described as follows. Let
be a physical system with the Hilbert spa#&. Let the set of all states of the system, that
is, the set of possible density operators be denote@ hyWe suppose that a stgtec .7,
is transmitted to a staie’ € ., on the same Hilbert space: the transmitted state should
be a substitute of the initial in the optimal case. (We may consider a target sfface
isomorph to.7, to be more accurate.) Generalpy, may be any state itv,, a quantum
channel is the most general evolution of a quantum state: it transforms density matrices
into other density matrices.

It can be shown that a quantum channel is mathematically a completely positive, trace-
preserving, and hermiticity preservirg, — .7, linear map, which we will denote by,$
These properties are required to map a density matrix to another. The quantum channel
acts as $(p) = p’. Note that quantum teleportation protocols are also quantum channels,
taking the state to be teleported into the teleported state.

In all the possible cases quantum channels can also be regarded as if they described
the evolution of a subsystem of a large system subjected to unitary evolution.

There are several ways of representing a quantum channel. One of them, the so-called
relative state representatian [68] is an excellent tool for our purposes.

Consider an ancillary systeBiin addition toA, with Hilbert space’g with the same
finite dimensionalityN as.7z,. Let {“>A}(i:o,,..,N—1) and{]i)B}(i:Q.__’N_l) denote ortho-

normal bases on?, and. 7.

1Nt
W) s = N ; Na®i)g (3.16)

is a pure, maximally entangled state of the system. All other maximally entangled states
can be obtained frof¥ ™) by local unitary transformations. (A local unitary transforma-
tion acts on one of the subsystems only.)
Any pure statgW) , € 77, can be described by an (unnormalizedjex statgW¥*)g €
g such that
W), =N g (W W) e (3.17)
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The state in argument is obtained as a partial inner product of its index state and the
maximally entangled statgV*). The normalization factoN is present for notational
convenience, its role will become clear later. Representing a state with the correspon-
ding index state is called thelative state representation of the statedepends on the
entangled statpV™) o
The mapping
L‘q.H—) L A — g, L|qJ+>|LIJ>A =Yg, (3.18)

creating the index state from the original state will have a crucial role in our considerati-

ons. Itis antilinear (conjugate linear), which means

L‘lp+> (IZCi |l//|>) = IZC;FLW*) v0) (3.19)

for any set ofC,-s and|y;)-s. In fact\/_L|l4J+ is also antiunitary: for anyy) and|¢),
with [y) = vNL ., [y), and|e’) = VNL ., ),

(@'lv") = ((o|w))" (3.20)

holds. Indeed, expanding an arbitra#) , on the computational basis,

1 .
|Lp+ |L|J ‘qﬂ— ZC“ N Izci*’|>87 (321)

from which the above properties follow.

Let us now see how to utilize the relative state representation of states to represent
quantum channels. Let us have the compound system in the|d$tajgg, and send
subsystem A through the channg| #hile doing nothing with subsystem B. The effect
of the channel on any pure stgt¥) , of system A is then obtained by the partial inner

product with the corresponding index state:
$A (‘LP>AA<LPD = NZB<LP*’($A® in) (|LIJ+>ABAB<qJ+|) |w*>57 (3.22)

where|W*)g = LW>NJ>A. Thus we have represented the channehth the bipartite

state
Pae=($a®1, ) (IW")agagW'l). (3.23)
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The effect of the channel on any state can be obtained from this fixed state. The relative
state representation of the channel of the bipartite state has a completely mixed partial

trace:

A

traPas = Lo (3.24)

This follows from the fact thafW*) 5 has a maximally mixed partial trace, and this
property cannot be changed by local (product-form) operations suc,b@&@ and thus
(3-24) will also hold for thep,5 obtained in Eq(3.23).

Thus far we have shown that a channel can be represented by a bipartite density matrix
of completely mixed partial trace. The converse statement is also true: for all bipartite
states with completely mixed partial trace, there exists a channel. In fact, an isomorphism
between the set of all fchannels on¥,, and the set of bipartite statpg; © S w0t
with maximally mixed partial traces can be found similarly to Eq. (8.22). The bipartite
state corresponding to a channel can be obtained ftBi} by applying the channel
on system A and doing nothing with system B. This isomorphism has been found by
Horodeckiet al. [39], who have discussed it in detail, and have used it for the description
of teleportation processes as quantum channels.

Notice that the relative state representation relies on the entangled4tateor ot-
herwise, the mamILIJ+> of Eq. @). Having fixed these, states and channels can be
described conveniently. Let us follow a more general way now. We may use the set of
antilinear.sz, — sz maps in order to describe pure states#fy ® 7. As relative state
representation is also basedlgrchanging this map can give rise to different relative state
representations.

Consider a bipartite pure sta@) ,g € 77, ® 5. We may expand it on the computa-

tional basis as
]

We define the’, — /7 antilinear operatok, g, such that
L\q;)“)A: ;Cijms- (3.26)
Thus we can write

@)ap =3 )a® (Ligyli)n). (3.27)
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For any bipartite pure stale) o5 € J7, ® 3, there exists a unique antilinear operator
L|¢> defined this way.

The representation of a sta®) ,g With L 4, has the advantage that bdth,, and

|®)
the expression in Eq[ (3.R7) relating the antiunitary operator to the corresponding state
are independent of the actual computational basis chosex,orlhis can be shown as

follows: suppose that we chose another basisgn
|DA::ZUUU>A, (3.28)
|

whereU is an arbitrary unitary matrix. We can substitute the basjsinto Eq. [3.27):

izmA@(L@ DA =3 (ZUTJ |i>A> ® <L|<D> Zuij |j>A> -

3 351 (10 o 1) = £ (010), (1 L 1) =
Z|i>A®(L|¢O> Da); (3.29)

I7J I?] ’

where we have exploited the antilinearity '%:y This invariance property makes the
representation of bipartite pure states by antilinear operators extremely handy: possessing
the operatoL|¢> one may calculate on any basis without the need of any transformation
of the operator itself.

The representation introduced here possesses utmost pleasant properties. In order to
see this, consider the set of bounded antilinear operato?§ — J75. We first define the

adjointL* of an antilinear operatdr so that for anyy) , € J%, and|@)g € g,
(LIv)a) 100 = (a(VIL* |9)g)"- (3.:30)
Then one may define a scalar product of two operators
(L',L) = Tr(L*L) (3.31)
which is antilinear in the first argument. This generates the norm
L), = VLD (3.32)

Let 4,5 denote the set of bounded antilinear operatorg?), — g which have finite
norm
Cag = {L: 5, — Hpg antilinear ||L||, < co}. (3.33)
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With the above norm and scalar produ€lg forms a Hilbert space. Itis shown in Refl [2]
that (3.27) establishes a unitary isomorphism betwégg and 7, @ /g in a natural
way. Every pure bipartite stafé) ,5 can uniquely be described by an antilinear operator
L|q>> € G g such that t(L|*¢>L|¢>) = 1. Conversely, every sudhdescribes a pure bipartite
state.

Let us further investigate the properties of the adjoint operator defined in Eg| (3.30).
Taking the representation DMAB on an orthonormal basis in Em%), it can be shown,
thatL* is the antilinear operator

o), 108 =3 Cij ) (3.34)

|
The “matrix” G, j of L becomes transposed for the adjoint operator. With the a@(3.34)

*
ABL|¢>AB andL‘(mABL|q>>AB Hp — H, and A —

g operators are both linear and Hermitian. In fact, comparing with [EqQ.](3.25) one

it is straightforward to show that tHfT‘ﬁ1>>

obtains that

|*¢’>ABL|(D>AB =1Trg Iq)>AB AB<CD| = Pp

L‘¢>AB r¢>AB - TrA |q')>AB AB<(D| = Pp; (3.35)

that is, these operators are the density matrices of the subsystems. It is therefore very easy
to calculate partial traces in our representation.

According to EG.3.35, it is now straightforward to characterizaximally entangled
pure states and this will characterize all the possible relative state representations as well.
As maximally entangled states are of maximally mixed partial tface|(3.24), a bipartite state
is maximally entangled if and only if for the corresponding antilinear operattr=
N-1ig andL*L = N~1I,. This is equivalent to the statement th@dNL is antiunitary.
On the other hand, the operatq;D> gives rise to a relative state representation if and
only if {L,¢ li) }i—o...n—1 forms an orthogonal basis off where in additiorr\/NL|q>> is
antiunitary. We can conclude that a pure state is maximally entangled if and only if the
corresponding antilinear operatofNL is antiunitary, and relative state representations

can be defined via maximally entangled states only.
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3.3.2 General probabilistic teleportation

Let me apply the antilinear description of bipartite states introduced in the last section for
guantum teleportation. Suppose that system A at Alice, prepared in the unknown state
|®) 5 is to be teleported, and systems B and C shared by the parties (Alice and Bob) are
in a (possibly only partially entangled) stéi@)g.. | will call this the sharedstate in
what follows. The shared state is described by the antilinearhmpSystems Aand B
are located at Alice who performs a joint projective measurement on them. Suppose that
its outcome corresponds to the projection onto the $tafe,g. In the followings, | will
regard only this outcome, thus our teleportation scheme will be a probabilistic, conditional
one.

To have common computational bases in the description of the shared state, and the
state Alice’s measurement projects onto, one expasylsn the following way:

6a)ag = D (Lali)) @ i), (3.36)

|
wherelq € ¢,. This is fundamentally the same as the representation o (3.27): the
only difference is that the subsystems are labelled in the reverse order. One can repre-
sent the state corresponding to nondegenerate measurement ogiéamehe bipartite
state the measurement projects onto if the result isy a bounded antilinear operator
Lq: 55 — 5%,. Note thatl 4 is unique disregarding a unit complex phase factor.

On the Hilbert spac@;, (3-33), the set of projectors corresponding to a measurement
of any nondegenerate joint observabl&a&ndB, is (up to phase factors) uniquely descri-
bed by an orthonormal basisi},. Those measurements whose nondegenerate outcomes
are represented by projections onto mutually orthogonal maximally entangled states, are
called measurements of Bell type [30]. Every Bell measurement can be described by an
orthonormal basigLa} o, gim., -1 IN ga SO thaty/dim 7L is antiunitary for every
g.

Now | will calculate the teleportation channel, or rather the functigy?, — ¢
that relates the input state and the state of system C after the Bell measurement of Alice.
Note that, although the unitary transformation that Bob carries out to obtain the exact
teleported state is usually also included in the definition of teleportation channel, this

terminology is more convenient here, as | investigate linearity and reversibility. At the
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beginning, the three systems are in the si@bg @ |0)g-. The probability of the outcome

g under consideration is given by

Pa(|P)a) = ||[([0a)ag arlGal) @ 1c)I(IP)a @ [0)gc)

2 2
- HLL;;|<D>A

2
= HZ(A<¢’Lq|i>*B)L|i>B

= |2 LgalilLg/P)a) (3.37)

On condition that the measurement yields the outcomthe state of syster@ can be

written as

1 | . *
NN .Z (as(0al®)ali)p)LIE) s = WLLq]dJ)A. (3.38)

The teleportation channel for the outcomis

fo o Ao Tal|®)p) = TR (339
ILLgI®)a]l
If the input state is given by the density operatprthen the probability of the outconte
is
Pa(Piy) = tra (LaL*LLEp;,) (3.40)
and the output state is
LLgpnLqL*

Pout = PR (3.41)
U tra(LoLrLLED;,)

I have defined a special quantum operation based on the teleportation scheme of
Ref. [7]. One can obtain fronj (3.40) that this operation is a generalized (POVM) me-
asurement of the input state. The POVM outcomieyls*LLg.

The channelfq has to be reversible, so that | can obtain a teleported state identical
to the original input state. | call the channig| reversible, if it is injective, that is, for
different input stateg®P) , (|||®) || = 1) the corresponding output statkg|®) ,) are dif-
ferent. | remark that the reversibility of teleportation channels has also been investigated
in Ref. [57]. | adopt a more general definition here. Reversibility means that every input
state can be recovered (theoretically) from the output state. One can easily verify that this
condition is equivalent to the requirement that the linear opetatgr.7, — ¢ should
injective.

It may be the case, however, that the charfpéd not linear. In this way, the input state

can be recovered from the output only by using some nonlinear transformations, which
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may be unrealistic in some cases. Therefore, it is a natural requirement for the channel to
be linear.

I show that if the teleportation channel is reversible, then its linearity is equivalent to
the property that the probability (337) of the outcogie independent of the input state
|®),. Suppose thaid), and|P), are linearly independent, and lgk, |®), + o,|P),)
be of unit norm. From the linearity conditiofy(o;|®); + a,|®),) = o fq(|P);) +

o, fq(|P),), one can obtain:

1 1
a - L)
! (H'—La(aﬂq’)lJraz‘@z)H HLLE\‘D>1H> ar

1 1
+o -
2 <|’LL6(O‘1|¢>1+“2|¢>2)H [LLEIP), |l

> LL:|®), = 0. (3.42)

Since fq is injective, LLy|®); andLLg|®), are also linearly independent. Th.42)

implies that their coefficients are zero, that is, the probabflity (3.37) of the outgame

independent of the input staf®),. Conversely, if?) is independent () ,, then

LLg is injective andfq is linear. One can conclude that the condition “the probability

of the measurement outcomealoes not depend on the input state” (that is, Alice learns

nothing about the input state due to the measurement) is equivalent to the linearity of

the teleportation channel. Moreover, it can be proven in a way not detailed here that the

linearity of the channel is equivalent to its unitarity—therefore its unitary reversibility.
Summarizing the results presented in this section, | gave a very compact description

of a quantum teleportation process in E@s. (3.89),(3.40), and3.41). This gives a descrip-

tion of a conditional teleportation scheme utilizing an arbitrary pure entangled resource.
Both the entangled resource and the state Alice’s measurement projects onto is described
in the convenient antilinear operator formalism, which is completely basis-independent.
These results were the basis of a consideration, which gave the condition for probabilistic

teleportation with nonmaximally entangled states [50].
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3.4 Quantum teleportation in terms of discrete Wigner

functions

All quantum mechanical phenomena may be described in terms of quasiprobability dist-
ributions, as an alternative to the direct application of density matrices. Wigner functions
are especially frequently applied, as they behave similarly to classical probability distri-
butions from several points of view. For quantum states with infinite dimensional Hilbert
spaces, the application of Wigner functions, as described in séction 1.3.5, has become a
standard part of considerations. For finite dimensional Hilbert spaces, the Wigner function
formalism was first proposed by Wootters[80]. The discrete Wigner functions have pro-
ven to be useful in investigating coherent states in a finite-dimensional basis [19], defini-
tion of Q-functions and other propensities|[58], and also played a role in the development
of number-phase Wigner functions [72]. Quantum tomography for finite-dimensional
Wigner functions has also been developed, applying a generalized definition [51]. After
the appearance of my paper containing the following results, the application of discrete
Wigner functions in quantum information developed furthér [8, 61]

A conspicuous question is the relation between the Bennett, and Braunstein-Kimble
schemes. At first sight, they may seem rather different, cf. chapter 2. Though the
Braunstein-Kimble scheme may also be described in terms of either wavefunctions [56,
59] or Fock-states [74], and a low-dimensional coherent state description has also been
developed recently [44]. A covariant description in terms of canonically conjugate obser-
vables and their eigenstates is also possiblé [83], providing a description valid for both
discrete and continuous dimensions.

In this section | present the description of quantum teleportation purely in the frame-
work of Wigner-function formalism of quantum mechanics. The main emphasis is put on
the case of finite dimensional Hilbert spaces, but | make some comments on the infinite
dimensional limits. It will be shown that the entire process of quantum teleportation can
be consistently described purely in terms of Wigner functions, and in this context, the

finite and infinite dimensional cases can be treated in a conceptually uniform way.
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3.4.1 Discrete Wigner functions

Consider a physical system, with states described bi{tdanensional Hilbert space?.

We define two non-commuting Hermitian operatgrand p describing two canonically
conjugate quantities. We will call them “position” and “momentum” respectively, though
they may be realized by several physical quantities, as, for instance, photon number and

Pegg-Barnett phase operators on a truncated Fock-space. The operators are defined as:

N—1 N—1
4= k|K) (k p = | 3.43
q k; K)kl, P |;> P (P (3.43)

where the set ofk) position and/p;) momentum eigenstates both form an orthonormal
basis ons’, and

1 N-1 i 27 K|
p,) :mkzoe'ﬁ k) (3.44)

holds.

Wigner functions for this discrete system can be defined in a slightly different manner
depending on the properties of the numbkrthe dimensionality of the corresponding
Hilbert space. In what follows | will suppose thhltis greater or equal than 3 and it
is a prime number. Though it introduces some loss of generality, apart from technical
details, there is no significant physical difference between the discussed case, and the
remaining two possibilities. In case Nf= 2, a different definition of the Wigner function
has to be applied, while for composit€s, the phase spaces are Cartesian products of
lower dimensional phase-spaces. Alternatively, one may use the formalism suggested in
Ref. [51] or Ref.[61]

According to the original paper of Woottefs [80], the Wigner function corresponding
to a state in a Hilbert space with dimensidn> 3 prime, is defined with the aid of the

discrete Wigner operator
- §2m
A P) = Spqr €N P IIr) (s, (3.45)
rs

whereq andp take integer values from 0 t8 — 1. The(q, p) pairs constitute the discrete

phase space. For a state described by a density npathi& Wigner function is

A

W(a.p) = < tr(pA). (3.46)
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Wigner functions defined in this way obey analogous properties to those defined on infi-

nite dimensional Hilbert spaces. The marginal distributions of the functions

=>W(@p),  PR(p)=3W(a,p) (3.47)
P q

describe the statistics of measurements of observgldes j respectively.

For multipartite systems, Wigner functions are defined, similarly to the infinite dimen-
sional case, by the expectation values of the direct product of the Wigner operators. In
what follows | consider multipartite systems with Hilbert spaces of equal dimension. For

a bipartite system with subsystems 1 and 2, described by the joint density pia&ix

1
(ql,pl,qz,pz)——Tr(p” (g, py) ®A,(dy, Py)) (3.48)

Wigner functions describing a subsystem are obtained by summing the joint Wigner func-

tion over the corresponding set of the respective variables, e. g. fronj Egl (3.48) one

has
N—-1
W(dy, )= 5 W(dyg Py 0 P2),
0,,p,=0
N—-1
(QZv pz Z W( QJ_v P1,0y, pz) (3.49)
g;,P;=0

For bipartite systems, the completely entangled Bell-states
Zpx) z RKPIK) [k—X), (3.50)

form an orthonormal basis on th# @ .77 Hilbert space of the joint system. HeXeandP
stand for theelative coordinateand thetotal momentumThese are, up to a normalization

factor, conjugate joint observables, and the Bell-states are common eigenstates of them:

(41— Gp)[Zpx) 12 = (A1 — Up) [=px) 125
(B1+B2)|=px)12 = (P1+ P2)|=px) 12 (3.51)

| remark that, compared to the Kimble formalism, | have introduced a canonical trans-
formation of simultaneous position and momentum reversal in the second subsystem. This
does not effect the essence of the argument, it was done in order to be consistent with the

notation in Refs.[[16, 37].
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3.4.2 Teleportation in discrete Wigner formalism

Following Bennett([7], let us suppose that the sender, Alice, and the receiver, Bob, share
the subsystems 2 and 3 in the entangled state
1 N-—-1

\Eo,o>23: W Z \k>2|k>3-

k=0

(3.52)

In what follows, | shall use the term “EPR-state” for this state. The Wigner function of
this state can be calculated according to Egs. {3.¢#5),](3.46) and (3.48), and is found to be

1
WEPR<q27 P2, 03, p3) = W5q2,q35p277p3- (353)

Calculating the Wigner functions for subsystems 2 and 3 according tp Eq. (3.49), both
of them are found to be the constantNP. From this follows that any of the marginals
describe a uniform distribution. This reflects the EPR nature of the state: making obser-
vations on either of the subsystems separately, both position and momentum have random
values. On the other hand, according to Eq. (3.51), some joint observables have definite
values, as it is also clearly reflected by Eg. (3.58)~d; = 0 andp, + p; = 0. From
this one may conclude that the form of the EPR Wigner function in[Eg.|(3.53) could even
have been a plausible ansatz.

The Wigner function in Eq[(3.53) shows the connection with the EPR state used by
Braunstein and Kimble for continuous variable teleportation. In the continuous variable
case, for an ideal EPR state Dirac-deltas appear, corresponding to a state with infinite
energy. Therefore instead of the ideal EPR state, usually two-mode squeezed vacuum is
considered instead, which results in the imperfection of the protocol.

Let me consider the teleportation process. Alice, the sender and Bob the receiver have
shared the EPR pair described by the Wigner function in [Eq.](3.53). In addition Alice
has system 1 in the arbitrary state described by a Wigner funéfjgia,, p;). The joint

Wigner function of the whole system is thus

1
W(Qy, Py, G, P2: 32 P3) = §2Win (G P1) 8,059, p, (3.54)

Alice has to carry out a projective measurement on subsystems 1 and 2. This measurement
is performed in the Bell basis which obviously projects the systems 1 and 2 on the Bell

states|(3.50). As it was already mentioned these states are simultaneous eigenstates of the
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joint observable, = G; — G, andP, = p; + f,. In order to describe the measurement,
one has to express the Wigner function in Eq. (8.54) in terms of these variablés and
4, + 4, andP, = p, — p,, instead ofy, p, andq,, p,. Note that because of the modNo
arithmetics, the ranges of the new variables are the same.

This canonical transformation is more straightforward in the infinite dimensional case,
where one can introduce§ factor in the definition of the new variables, and thus it is
easy to express the inverse transformation in the same fashion. In our case, a division by
2 appears in the inverse formula, which is less ,elegant”: the canonical transformation is
accompanied by a scaling of the quantities. Howevel & odd, one may introduce a
“generalized division by 2” in the modul sense as

K, Neven
2,(k) = ) (3.55)
kN Nodd
which has the property%, (k) = k. Here | emphasize again thalt additions, subtractions
and multiplications are understood in the modhilsense. With the aid of this operation,

the old variables can be expressed as

0y = Zo(X1+X%,), O, = Zo(X = X5)
P1=2,(PL+P),  py=2,(P—Py). (3.56)

The Wigner function in Eq[(3.54) after the transformation is

1
W(Xy, Py, X5, Py, O3, P3) = m5xl—x2,2q35|31—|32,—2p3
X W (Z,(X +X5), Z5(PL+Py)). (3.57)

At this stage, all subsystems are entangled. Note, that the canonical transformation, which
is described here by introducing new variables, is physically a unitary transformation
which entangles two subsystems, moreover, it cannot be carried out completely by using
passive linear optical elements [55], and may require nonlinear optics [47].

Now we are ready to describe the Bell-state measurement, which results inXalues
andPy, the classical information, which is sent to Bob. Summing the Wigner function in
Eq. @’) in variableX;,P,,d;, p;, one obtains the probability distribution of the mea-
surement results, which is equal to the constaif?. Thus we can obtain each possible

measurement result with equal probability, in accordance with Bennett’s description.
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To describe the conditional projection by the measurement, one has to keep variables
X, andP;, constants, as these numbers constitute the result of the measurement, and one
sums the Wigner function of Ed. (3]57) in variabkésandP,, as all information about
these is lost because of the projective measurement. This procedure is the exact analogue
of the continuous case. The resulting Wigner function has to be renormalized, and it has

the form
Wout(qs, pg) = Vvin<CI3 + X5, P3+ P). (3.58)

It is seen that the resulting Wigner function is a shifted version of the original, and the
shift is determined by the result of the measurement. This is the exact analog of the
continuous case. Bob, possessing the valieandP;, can restore the teleported state.
The shift in a finite dimensional Hilbert space is illustrated in 3.4. Obviously, these
shifts correspond to translations (canonical transformations) in a discrete phase space.

The required inverse transformation as described by Bennett is
_ Y JdFPk _
UXzPl = Ze‘ NTIEK) (K— X5 (3.59)
It is easy to verify that this transformation acts on a Wigner function as

W/(a,p) = (Ux_p A0, P)Ux, p,) =W(0—Xo, p—Py), (3.60)

thus our description is perfectly consistent with Bennett's results.

The similarity of our discussion to the original description of continuous variable
guantum teleportation by Braunstein and Kimble is apparent. Care should be taken how-
ever, if an infinite dimensional limit is be constructed from the description above, which
is far from straightforward indeed. For instance, several nontrivial problems have to be
overcome ifg-andp'is associated with photon numbers and Pegg-Barnett phase [54, 71].

In conclusion | have shown that quantum teleportation can be described purely in
terms of Wigner functions, and this could have been possible without mentioning the un-
derlying Hilbert space. This approach has several advantages in the description of imper-
fections. Noisy entanglement can be treated, similarly to the continuous case, by replacing
the Kronecker-deltas describing ideal entangled states with the appropriate Wigner func-
tion. While projective measurement is described by filtering with delta-functions here,

a fuzzy measurement may be described by filtering with unsharp filters. This example
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-state (see Réf.! [58]). (b) is shifted version, according

Figure 3.4: Shifting of Wigner function in a discrete phase space of a quantum system
to the arrows in figure (a). Points of the phase space are indexed so that the main peak is

with a 19-dimensional Hilbert space. (a) shows the state, which is a discrete counterpart

centered in the origin of a phase space; recall the modidommation.

of the harmonic oscillator ground
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suggests that Wigner functions may prove to be a useful tool for investigating phenomena

in multipartite systems with finite dimensional Hilbert spaces.



Chapter 4

Continuous variable teleportation in

terms of coherent state superpositions

4.1 Introduction

This section is devoted to an alternative description of the teleportation scheme introduced
by Braunstein and Kimble, presented in section| 2.2.

The method developed here is based on the low-dimensional coherent state representa-
tion described in sectign 1.3.6. It was further generalized [43], and may become useful in
the treatment of other entanglement related phenomena in the theory of continuous quan-
tum variables, quantum cloning [16,/32 25], or quantum dense cdding [18], for instance.

In continuous variable schemes, each subsystem is a harmonic oscillator, usually a
single mode light field. The measurement carried out on the light modes is quantum ho-
modyning, described in sectipn 1.3.9. | consider idealized homodyne detectors realizing
von Neumann measurements of a given quadrature, as | do not intend to treat the effects
of noises and losses on the experiment [77].

As we have seen in chapter 2, the original formulation of Braunstein and Kimble
utilizes the Wigner-function formalism. In sectipn 3.4, we have seen the connection of
their scheme to that of Bennett. | intend to give a direct description of the scheme in
terms of low-dimensional coherent state representations.

This chapter is organized as follows: in section 4.2, using a one-dimensional repre-

59
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sentation of quadrature eigenstates, | obtain a one-complex-plane representation of the
two mode entangled states playing an important role in teleportation. In sectjon 4.3, the

description of continuous variable teleportation is provided.

4.2 Quadrature Bell-states on a coherent-state basis

The starting points of the consideration are the local measurements of a given field mode
in the scheme under consideration, which are carried out by detectors measuring the value
of either of the quadratures

a+a’ , a-4&
> PT

4= (4.1)

Throughout this chapter, | am using quadratures scaled b/ Tactor with respect
of Eq. (1.39), for the sake of notational convenience: these scaled quadratures are the
coordinates on the phase space.

According to the von Neumann projection principle, the measurement results in the

projection to one of the eigenstates,
q|X) = X|[X), pl[P) =PI[P) (4.2)

depending on the measurement result, which is the valoeP respectively. (The symbol
||...) denotes quadrature eigenstates.)

The Bell-state detector of the teleportation scheme in argument is depicted in Fi-
gure[4.1. It consists of g-detector and g-detector, combined with a beam splitter to
convert two local quadrature-measurements to a joint measurement on two modes. The
whole apparatus then projects onto an entangled state of the two modes, the quadrature
Bell-states, depending on the valbésindP measured.

With this picture in mind, | construct the one-dimensional representation of quadrature-
eigenstates. (The word dimension stands for real, and not for complex dimension throug-
hout this chapter.) Let kets containing a single number denote coherent states. | start with

the following stated [45]:

|Sq. vac. pzﬂ/(r)/dx(}(x)\x),
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Dy Dy

Figure 4.1: The quadrature Bell-state detector of a continuous variable teleportation
scheme. Incident fields in modes 1 and 2 interfere on a lossless beam splitter. Two ideal
homodyne detecto3, andDp measure the Guadrature in mode’ hindg'in mode 2 of

the resulting state.

Sa. vac. =4 (1) [ dyG(y)ly). 43
where
N(r) = ier—/Z and Gy (x) = e*e‘Z)r(‘fl (4.4)
VIV -1 R ' '

These are superpositions of coherent states placed on the real and imaginary axis of the
phase space, respectively. It is straightforward to show that the mean values of the quad-

ratures are 0, and for their variances

2 2 e &
Ap|Sq. vac. p — AC]|Sq. vac.x — 4
e2r
A2 A2
Aq|Sq. vac. p Ap\Sq. vac.x — g4 (4.5)

hold. Therefore these are the so calsglieezed vacuum stateSqueezing means that

the variance of a quadrature is decreased, while the variance of the other quadrature is
increased. In Wigner-function picture this looks like as if the Wigner function of the
vacuum state, the well-known Gaussian bell, was “squeezed” from a directiotertls
towards infinity, the variance of the corresponding quadratures becomes zero, thus the

states become quadrature eigenstates:

|P=0)= rIirr(]o]Sq. vac. p
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[|IX=0)= rIim |Sq. vac. x. (4.6)

However,rlimW(r) = 0, which expresses the fact that quadrature eigenstates need to
be normalized in terms of probability densities instead of individual probabilities. For
simplicity, in what follows | omit this normalization factor. Thus the states in Eq.] (4.6)

can be written as

P=0)=Jim [axa&(1x = [ dxx

Ix=0)=Jim [ dya)liy) = [ dyliy). (4.7)

Finally, quadrature eigenstates can be obtained by shifting states if Epj. (4.7) using the

Glauber displacement operaffa) = exp(aa’ — a*8):

IP) = B(iP)||P = 0) = /dxéxp\x+iP>

1X) = BEX)||X = 0) = /dye—iXy|x+iy> . (4.8)

Now | consider the Bell-state detector. Suppose that modes 1 and 2 interfere on the
lossless beam splitter BS, and then the quadratgreismode 1 andp of mode 2 are
measured, and they are found toX@ndP respectively. The measurement projects the

state of modes 1 and 2 at the output port of the beam splitter to

Wiroq,, ) = [X01]1P),. 4.9)

This is a product state basis on the Hilbert space of these two modes. The aim is to
calculate the inverse beam splitter transform of the sqw%dxp>, which will yield an
entangled state basis. Note that the connection of displacement and entangled states have
been discussed in other descriptions, too [83, 38].

Armed with the representations in Eq. (4.8), one may describe the action of a beam
splitter quite simply. Two-mode coherent states interfere on beam splitters as classical
fields, that is, their amplitudes transform as the annihilation operators. Particularly, one
may consider a 58 50% beam splitter, with phase shifts chosen so that for the output

state|c), |B), the corresponding input state‘(sx + ﬁ)/\/§>1 ‘([3 — oc)/\/§>2. Because
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of the linearity of the beam splitter, the inverse transform of arbitrary superpositions of

coherent states may be written as:
[ o [ dBoia.p)la) B, —

/dza/dzﬁdb(a,ﬁ) “\Eﬁ>l ﬁ;;‘>2. (4.10)

Here®(a, ) is an arbitrary function, and the complex integrals may be replaced by any

kinds of integrals or sums.
Eq. (4.10) can be applied in this actual case: according to the von Neumann projection

principle, the state of output modes of the beam splitter is projected onto

[ee]

Wrog, o) = [1X)1l[P)2 = / dy [ dxé*PY (X tiy), [x+iP),, (4.12)

—00 —00

thus its inverse transform, the corresponding Bell-state reads

B(X,P)) :Z dydeé<XPXy> X+iy$§)<+ip>l X_iy:g)_x>2. (4.12)
Introducing two complex variables
= %, A= XL\/%P, (4.13)
the state in EqJ(4.12) reads
B(X.P)) = [ 2y ATy + ) [y — A, (4.1

(Throughout this section, complex integrals are meant to be carried out on the whole
complex plane.) These are the quadrature Bell-states playing an important role in conti-
nuous variable quantum teleportation.

Starting from the one real dimensional representation in Eq] (4.8) of the quadrature
eigenstates, | have obtained a representation of a two mode state which is a superposition
of two mode coherent states with amplitudes on one single complex plane.

If A= 0, then the following state is obtained:

Yeprid) :/d2Y|7>1>|VK>2- (4.15)
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It was shown in Ref[[43] that this is the one-complex plane-representation of a two-mode
infinitely squeezed vacuum state. The effect of finite squeezing can be represented by the
Gaussian facto®; (1/2]y]) in the integrand in (4.15), inherited from Egs. (4.7).

The stategy), |y*), have the remarkable property [26] of carrying more informa-
tion than duplicate coherent states |o), which also makes them interesting in cloning
applications[[25]. | have now the quadrature Bell-states expressed as a superposition of

conjugate coherent state pairs.

4.3 Continuous variable teleportation on a coherent state

basis

Let us now turn our attention to the teleportation process which is depicted in Figpre 4.2.
Alice has an arbitrary quantum stat, ) in mode 1, which she wants to teleport to Bob.

A general pure state may be written in Glauber’s analytic representation as

Wy = [PBe 1) By, @.16)

where f(*) is an analytic function of*. Alice and Bob share a two-mode squeezed
vacuum state
Werrlzo= [ daGr(v2la))[oc")lat)s (4.17)

as EPR state for the teleportation. As discussed previously, in the ideal case, that is,
infinitely squeezed and thus maximally entangled statéy/2|c|) — 1. The state of the

whole system of all three modes is thus initially

(Wi)123=|Win)1 @ |WepRi2z =
,\mzf

Jd?a [ d*BGr(v2|al)e 7 F(B)[B) 1)yl ). (4.18)
In the next step, Alice carries out a joint measurement, resulting in a pair of values
X, P, which is communicated to Bob via a classical channel. The effect of this measure-
ment is the projection of the state of modes 1 and 2 to one of the quadrature Bell-states in

Eq. (4.14). Therefore, in what follows | shall omit all constant multiplying factors from
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1

to be tel eported
L

Figure 4.2: The teleportation scheme under consideration. Alice, the sender wants to
teleport the state in mode 1. Alice and Bob share modes 2 and 3 in entangled state emitted
by source S. Alice carries out a joint measurement on modes 1 and 2 using her box B
which contains the setup in Fig. 4.1. She communicates the result to Bob via a classical
channel, who carries out the appropriate unitary transformation U to restore the desired

State.
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the formulae. The (unnormalized) projected state of mode 3 reads

18|

Wa= 1o(BOGP) W) 0= [ e [ 2B [ d2yGy (v2lal)e % 1(B)eN 1A
x(y+AB)r —Alar)|at)s. (4.19)

The integrals i3 andy can be evaluated via the successive application of the Glauber’s
integral identity

%/dzaeazﬂxﬁ*f(a*) _ (B), (4.20)

which is valid for any functiorf analytical ino*. Applying (4.20) twice, integrating over

y and overf, | obtain

(x\z .

W)= /dzaer(\fzmpe—'ze 200" £ (0" 4 2A)|et) . (4.21)
In the limit of ideal entanglement (infinite squeezin@)(v/2|a|) — 1, this state becomes
|Wr) = D(=2A)[W;). (4.22)

The state in mode 3 is a shifted version of the incoming state. Bob, in the knowlegge of
andX can carry out the inverse displacement to restore the original state.

Note that the displacement to be done by Bob is the identity operator if and only if
X =P =0, and in this case the two-mode Bell-state measured by Alice is the same as
the shared entangled state. The same situation appears in the case of discrete variable
teleportation.

If the entangled state is not ideal, tBg(v/2|«|) Gaussian smoothing factor appears

in Eq. (4.2]). After the inverse displacement, the result of the teleportation reads

~|o?

|qu):/d2aGr(\/§]oc—2A|)e 7 f (o) | ). (4.23)

The smoothing depends not only phut also orA as a consequence of the finite number

of photons contained in the entangled state. Let me remark that in order to calculate the
fidelity of teleportation (c. f.. Ref[[38]) in the present formalism, one may average in

by forming a density matrix from the state in EQ. (4.23), and calculating the probability
distribution ofA from Eq. [4.21).
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4.4 Summary

| have shown that using a one-complex-plane coherent state representation of quadrature
states, quadrature Bell-states can be represented by integrating on a single complex plane.
Using this representation | have found that an alternative and rather plausible description
of continuous variable quantum teleportation can be formulated. This approach is dif-
ferent from all previous approaches applying Wigner functions, photon number states or
quadrature-wavefunctions. Regarding the role of coherent states in the development of the
theory of nonclassical states of light, my approach may prove to be useful in the further

investigation of quantum teleportation and related phenomena.



Chapter 5

Optical state truncation with

teleportation: few-photon interference

5.1 Few-photon interference schemes

As mentioned in sectidn 1.3.7, nonlinear optical processes driven by pulsed pump beams
generate running-wave states of the electromagnetic field containing a low number of
photons. These fields can be manipulated with optical devices, such as beam splitters
and phase shifters, and measurements may be carried out on them using photodetectors. |
consider single mode running wave fields in this section. The first experimental realization
of quantum teleportation [15], or quantum lithography!/[14] are typical examples of such
interferometric schemes. The theoretical background of the single-mode field model and
the treatment of photodetection applied here has been described in $ectipn 1.3.3. This

chapter is devoted to the analysis of certain other few-photon interference arrangements.

5.1.1 *“Quantum scissors” devices

In a paper of Pegg, Phillips and Barnéttl[62] it is shown that a one-mode traveling wave
optical state can be truncated so as to leave only its vacuum and one-photon components.
This can be regarded as a tool for quantum state design. The proposed arrangement, called
“quantum scissors”, consists of two beam splitters and two photon-counting detectors. It

exploits quantum measurement and nonlocality. As shown by Villas-Bbas, de Almeida,

68
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and Moussé. [76], it is also a realization of quantum teleportation of a two state system, the
basis states being the vacuum and the one-photon Fock state. The above authors analyze
the operation of the arrangement in a noisy environment. It has also been shown [4]
that quantum scissors have good fidelity also in presence of imperfections. The quantum
scissors device is interesting at least from two points of view: quantum state design and
teleportation of states of traveling wave electromagnetic field.

Quantum scissors may be capable of converting a classical state to a highly nonclas-
sical one. For example, if the input is a low intensity coherent state, the truncation yields
a coherent superposition of vacuum and one-photon state. This state is known to possess
squeezing properties [79], and can be used as a reference state in the projection synthesis
technique[3, 69]. The quantum scissors work for other (even mixed) input states too, thus
they are capable of generating several kinds of superpositions and mixtures of vacuum
and one-photon states. The question arises naturally, whether the class of preparable sta-
tes can be enlarged. One possibility is described by Dakna et al. [29], which applies more
beam splitters and detectors. | follow a different way: | do not raise the number of com-
ponents of the arrangement, but examine the facilities introduced by the freedom of using
beam splitters with appropriate parameters. It turns out that the truncation so as to leave
vacuum, one-, and two-photon superpositions needs no significant extension of current
experimental expertise. This generalized quantum scissors device can generate a larger
class of nonclassical states. For example, cutting a squeezed vacuum state, a coherent
superposition of vacuum and two-photon states can be obtained, which may also be used
as a reference state in projection synthesis; its squeezing properties have been analyzed in
Ref. [79]. The truncation of coherent states also makes an interesting class of nonclassical
states feasible. The arrangement works for any pure and mixed input state.

The other aspect of the operation of the quantum scissors device is quantum telepor-
tation. Generalized quantum scissors create a superposition of vacuum, one- and two-
photon Fock states of a one-mode traveling wave field, and teleport it at the same time. If
the input state of generalized scissors is already a superposition of this kind, it is simply
teleported. This is a teleportation on the three-dimensional Hilbert space spanned by
{]0),]1),]2) }. I analyze this particular situation in detail. The discussion yields a sugges-

tive insight into the process of transporting quantum information in this case, which also
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led me to the generalization of ti8J(2) beam-splitter theory to six-ports.

| have also investigated the possibility of further generalization: truncating up to the
n-th Fock component.

In what follows, in sectiof 5.1]2 | introduce generalized quantum scissors devices: |
investigate the possibility of truncation up to thgghoton components. Then | analyze
the teleportation in detail, employing tt&J(2) formalism described in sectign 1.3.8.
The idea ofSU(3) tritter theory, which was suggested by the latter consideration will be
described in sectidn 5.2.

5.1.2 State truncation up to two-photon states

The quantum scissors device is depicted in Fig. 5.1. The notation used is also shown in
the figure. | label the modes with their annihilation operators. We are given an arbitrary

state in the input moda,.” For simplicity consider a pure state

WY\ = S k 51
|Win) k;7k|> (5.1)

as input, but the generalization to mixed states is straightforward. The aim is to obtain a
truncated state

Woud) = VN(1/0) + 11/2) + 1/2)). (5.2)
as outputin mode;N =1/ 2_,|y/? being a renormalization constant. The operation of
the device consists of unitary evolution and a measurement process. The unitary evolution
can be divided into two steps: action of the B8d BS beam splitters. Operatoes B,
andc’belong to the stages of unitary evolution, and their indices refer to the spatial modes.
At the beginning, modes, andd, are in a given statg¥, ). The state of the whole system
of the three modes i) = |W,,) @ [¥,,) initially.
| describe the unitary evolution in the Heisenberg picture. In the first step the effect of
BS, can be described by the unitary transformation
<BI> _ <e‘i‘l’t cost, e sinq) (é’{) 5.3
bl —€é%sint, d%cost, ) \al/)’ '
while the input mode is not modifiedxg = 6;. In EqQ. ),(pt ande;, are the phase shifts

imparted to the transmitted and reflected beafosst,)? and (sint,)? are the transmit-

tance and reflectance of the beam splitter respectively. The next step is the action of BS
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|\Ijout>
Ds;
/AR
bh=&4| Bg, | BS,
as by &y D
D,
| W19)
ay i3 = bs

Figure 5.1: The “quantum scissors” device, the subject of the analysis. It consists of the
BS, and BS beam splitters, and ) D; photon counters. The numbering of detectors

is consistent with the indexing of spatial modeg¥, ) is the incoming statg¥,,, is

the output state. The modes andé, are in the|¥,,) ancillary state necessary for the

operation of the device. The annihilation operators of the spatial modes are indicated.
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on modes, andb, yielding ¢, andc;,

¢! - e Mcost, e sint, f); 50
¢l ~dmrsint, dMmcost, ) \ b}/

while ¢; = 61. This is followed by a measurement, i.e. a projection to a photon number
eigenstate in modes, andc;. The detectors are assumed to be ideal photon counters.
Given a reference staf#,,) one can find suitable parameters for,Bd BS to carry
out the state truncation described above.

The ancillary stat¢¥,,) has to be experimentally available in order to make the idea
of quantum scissors realistic. The desired output state of Eq|. (5.2) should contain at most
two photons. These two photons originate frg#h,), since evidently no light reaches
the output from the input. Thu¥;,) has to contain at least two photons. Itis convenient
to choose the staté¥,,) = |11). This state, consisting of a pair of temporally correla-
ted photons, can be generated directly using the prevalent technique of nondegenerate
parametric down-conversion. Other two-mode states possessing two photons can also be
obtained from this state with an extra beam splitter, which would be a redundant element
in the scheme.

Suppose that fromi¥,,) = [11) the BS general beam splitter produces the interme-
diate state

Wia) = Bol20) + By[11) + B,/02), (5.5)

so the state of all the three modes after the first step of unitary evolution is the product of
this and the state i (5.1):

W)= W e W) = iwo\zomwnm+ﬁ2\om>>
_ oo ﬁO T2 Tn RTRTRTN ﬁz hT2ihtn
— \/_(\/_b bl + p,BJBIBL" + 2 B176] )yooo>. (5.6)

As the result of the action of BS|W') turns into

W'y = Z) Zo< ) sint,)¥(cost, )" *e km—(n-km)

><< 5()_AT2ATkATn k+[3100$r e”’tCT Tk+1 Tn k Blslnr g i@ T Tk ’rn k+1
2

&(COST )2e?melirzeln k+&(sinrg)zez”ifégkégn_kJr2

V2

+
S
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2[32

— 272 cost,sint,d kT mglk gkt 1) 000). (5.7)

V2

The output state in the case of a given detection event can now be determined by projecting
|W") to the number state corresponding to the result of the measurement carried out on
modesc, andc;. Due to considerations on photon number conservation it suffices to
examine the detection events in which the total number of detected photons is two. Let
us examine the case in which one-photon gnaldd one on R detectors are detected in
coincidence. It will turn out that the other two possible detection events (two photons on
one of the detectors and no photons on the other) are inadequate choices.

After the coincident detection of one photon oy &nd one on D the state of the
system becomes the projection|8f’) of Eq. {5.7) to|11) in modes 2 and 3. The state of

the output mode obtained this way reads up to a normalization constant:
—V/2cost,sinT,e" B,7,|0) +cog27,) B, 11 |1) + v2cost,sint,e " Byp|2),  (5.8)
wheren = 1, — nr. Comparing to the desired state in Eg. [5.2), to achieve the truncation
—V/2cost, sint,e" B, = v2cost, sint,e B, = cog2t,) B, = K (5.9)

must hold. This is the condition for th& coefficients of Eq.[(5]5). The efficiency of the
truncation isk?/N, whereN is the renormalization constant of Efy. (5.2). It is maximal,
if K is maximal (this depends on the device), &he 1 (this depends on the input state).
The condition for the beam splitter parameters to be chosen optimally iK thas to be
maximal.

Now, given the stat¢¥,,) = |11) incident on BS a set of parameters for B&nd
BS, has to be found to make B$apable of generating the state in 5.5) with fthe
coefficients fulfilling Eq.[(5.9). The intermediate sté4é ,) in Eq. (5.5), leaving the beam
splitter, is a point of the vector space spanned by the ve¢ta;, |11),(02)}. Varying
the parameterg;, ¢r, andt; of BS;, this point perambulates a set of points in this vector
space. (This is calleBU(2)-orbit of the point|11).) The coordinates of the parametrized
set of points read

cog(2t,)[12) + %2 sin(2t,)€?|20) — gz sin(2t,)e'?|02), (5.10)
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whereg = ¢, — ¢r. Equation[(5.p) also defines a parametrized set of points in this vector
space with coordinate8;, 3,, andf3;, the parameters ang and7,. Each point in this
set represents the appropriate state that is required for state truncation if the parameters of
BS, are chosen to bg andt,. The required beam splitter parameters are the coordinates
of the intersection of the two point-sets in E(s. [5.9) and (5.10).

The solution is the following: for the phase shifps— ¢,=n; — n, must hold. Ot-
herwise the relative phase of the Fock components gets modified. One may choose
o = ¢ = 1 = Ny = 0, which is convenient, because in this case the matrices in Egs.

(5.3) and[(5.14) are real. Theparameters have to satisfy
tan(2t,) tan(27,) = 2. (5.11)

The factorK in Eq. (5.9), and thus the maximum probability of the detection of the coin-
cidence in argument, depends on thealues K itself also has a maximum at the optimal
choice oft parameters

1
n=T=; arctar{£v/2). (5.12)

Thus in the optimal case the two beam splitters have to be identical, with transmittance
either 021, or 079. The optimum value of the renormalization factoKis= 1/3, which
means that the coincident detection of one photon on each detector occurs at m@stin 1
of the cases. In these cases the state truncation is successful. The probability is exactly
1/9 if the incoming state is already a superposition of vacuum, one, and two-photon
states. This is the case of teleportation and the teleportation efficien¢9.i$Otherwise
the probability is proportional to/N = S2_,||?. The device can be used with success
if N has a low value, i.e. the incoming state contains the vacuum, one-, and two-photon
states with large weights.

Let me return to the case of detecting two photons on one of the detectors and none on
the other. These are interesting counter-examples, since the above discussed intersection
of the point-sets are empty in these cases, thus the state truncation cannot be carried out

using any kind of beam splitters.
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5.1.3 Further generalization of quantum scissors

One may investigate the possibilities for further generalization of the quantum scissors
device using the same arrangement. The aim is now to truncate the number-state expan-
sion of an arbitrary incoming state (E{. (5.1)) up to thphoton component. In what
follows | take a more general point of view: | omit the beam splittey Bshd suppose
that the intermediate state )

Wio) = kzoﬁkm —k,K), (5.13)
which appeared after the operation of_lBEHo till now, is already prepared with some
method. | don’t pay attention to the preparation of this state, though it may be generated
by BS, using some reference stgté,,). Furthermore, suppose that thg &nd D, are
ideal photon counters and they are counth@ndd; photons respectively. The method
is the same as in the case of the truncation up to two-photon components: the state of the
system after the action of B®ias to be calculated, and the result has to be projected to
the appropriate state determined by the measurement result. The difference is that since
BS, is omitted, the result will be obtained in terms of a sefqfarameters of Eq3)
and parameters of BS

In general, the state obtained reads
WYour K % Z BcviDjlk) = VN 2 %K), (5.14)

whereN = 1/ SP_,|% /% andK are normalization constants abd, describes both BS

and the measurement carried out. It is easy to show thaf Eq] (5.14) can be solved for the
B coefficients if and only ifd, +d; = n. That is, a total photon number ofis detected.

(Both ¢, andc; are assumed to be in photon number eigenstates.)

Just as in the case of truncation up to the two photon component, the desired measu-
rement occurs with a probability &2 /N. K? describes the efficiency of the truncation in
function of parameter, of BS,. An optimal quantum scissors device can be obtained by
choosingr, so thatk? is maximal.

I will discuss two detection events as examples. Jfdetectan photons and Dnone,

Eq. (5.14) has the solution

ﬁk:

K e~ i(kn+(n—K)nr)

\/@(cosrz)k(sinrz)”—k7

(5.15)
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and

1
2 | < 1
‘ ‘(é <L‘><cosrz>2k<sim2>2n—zk) - (516

From Eq[5.1p it can be seen that the optimal value of thecsansmittance is A2, BS,
has to be a 50-50% beam splitter. o 1 it is the Pegg-Phillips-Barnett device. For
n= 2, the efficiency of the process would be approximately the same as that for the case
discussed i.2, but the requirg, ,) state of Eq5 cannot be prepared from the
state|11) using an additional beam splitter (B# sectior] 5.12).

The other example is, if Ddetectsr— 1 photons and Done photon at the same time,
Eq. (5.14) gives

Kei (- Lne+(n—k-1)m,)
h= /1/n K—1(ci k-1 2 1 (-17)
2 (1) (cost,)*~1(sint,)"~k-1[n(cost,)? — K|

and

-1
n n
K2 = : 5.18
(kZO () (cost,)2~2(sint,)2"-2~2[n(cosT,)? — k]2> (5.18)
Forn = 2 this is the case discussed in secfion 5.1.2.
Table contains the optimal transmittarices’ 7,) of BS, and the maximal effici-
ency values for the two examples above. Note the significant decrease in efficiency for

large photon numbers.

5.1.4 The teleportation aspect of quantum scissors in terms &U(2)

symmetry

Consider a quantum scissors device for cutting up to the two-photon component, as desc-
ribed in sectiof 5.1]2. If the input state is already some superposition of states with maxi-
mum two photons:

Win) = Agl0)3+Aq[1)3+Ay[2)s, (5.19)

the quantum scissors device is simply a teleporter. My aim is now to show in detail, how
it works.

Again, | consider a single Beam-split86, from the scheme, and the state

|Wepr) = C_112)110), +Co[1)4]1), +C4]0)42), (5.20)
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cogt, K2 cog 1, K2
0.5 0.25 0.5 0.25
0.5 0.10 | 0.210r0.79 0.11
0.5 0.047 0.5 0.047
0.5 0.023 || 0.380r 0.62 0.028
0.5 0.012 0.5 0.019

0.5 0.0062| 0.420r0.58 0.012
0.5 0.0032 0.5 0.0093
0.5 0.0016|| 0.44 or 0.56 0.0056

0 N o o b~ W N P

Table 5.1: The optimal transmittan¢eos 7,) of the beam splitteBS, and the maximal
efficiency(K?) of the generalized quantum scissors device cutting up to-giteton Fock
components. Photon counters &nd D, countd, andd, photons respectively. Many of

the entries belong to hypothetical arrangements that are not experimentally feasible at the

present state of art.

in modesE)l and 62 is supposed to be prepared already by some method. (I have app-
lied SU(2) notation in the indices of coefficients). Modesﬁ)2 and 63 interfere on the
beam splitter BS. The output ports of the beam splitter are incident on detectors, which
are supposed to be ideal photon counters realizing projective quantum measurement on
the number state basis. The teleportation is successful, if the detectors count one single
photon each, in coincidence.

The measurement, i.e. the coincident detection of a single photon on the each of the
detectors after the beam splitter, is the annihilation of two photons to vacuum, described
by the operatoc,C,. Therefore, in order to obtain the teleported state, | write the state of

all three modes$Wy,),,5 after the interaction on the beam splitter into the form
W) 125= A'(€}, €3.51)[0). (5.21)

where the operatok' (¢}, ¢, BI) is a polynomial of the creation operators, and generates
W) 105 from the vacuum. This will be exactly EQ. (5.7), with our novel notation. The

projection by the measurement drops all the summands in the expres#ibEhe], bl),
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except for that containing;(‘:g, thus the resulting (teleported) state can be read out from
the expression ofT (¢}, €1 bl). As ¢, andc; originate from a beam splitter transforma-

tion, it is worth collecting them int&U(2) multiplets. Let us introduce the notation
A0 _ atl+gatl—I _
M|3—C2 3C3 3, |3—_I.I (5.22)

for the outcome operators. These are groups of creation operators indexedShy #e

indices. Furthermore, given a set of arbitrary coefficiéhhél3, l;=—I...1, let there be

[

A, = |3_Z_| At 2N (5.23)
a linear combination of outcome operators in tkie multiplet, with coefficienté';zfls.
Different calligraphic letters in the index shall mean a different set of parameters in this
notation.

Notice that maximum of 4 photons can be present at the beam splitter. The coefficients

Ao, Ay, A, from Eq. [5.19) should appear Af (€], 1, bl) beforeb] on powers determined
by Eq. [5.19), due to the linearity of the system. Thus in general we have

Al el b= ACA , + A b +0.4 ,bl?)
+  ACA 2 oI+ b1

n %<4//zg+3//z%61+2//2j512>. (5.24)

This is a more instructive form of Ed. (5.7). The coefficie@tsf the entangled state in
Eq. (5.20), and the parameters of the unitary operator describing the beam Bjtsze
included in the coefficients denoted by calligraphic letters.

It can be noticed that the multiplet structure suggested by the nature of the beam split-
ter transformation is reflected in the structure of the operator creating the output state.
Only the outcomes in thé/fd,z//ig,z//iy multiplets appear with all thre& coeffici-
ents of the input state. Only the outcomes in these multiplets can provide teleportation,
since the state obtained after the measurement on fmpdepends on all three A coeffi-
cients. In case of a measurement outcome corresponding to an other multiplet some of the
information is lost. The whole information is transferred if the total number of detected

photons is 2.
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The? o7, 2 &, and? .7 coefficients depend on the beam splitter parameters and the
C parameters of the entangled state in Q. (5.20). It is possible to set these parameters
so thate/, = 26, = 2.7 , = 1/3. The actual determination of the appropriate entangled
state and beam splitter is a geometrical problem, which | have discussed in the previous
section. In case of measurement outcome describéd?l[gyi.e. detection of one photon
on both detectors in coincidence, causes the output in mode 1 to become the same as the
input state in EqJ(5.19) was. This is the case of successful teleportation, which happens
in the 1/9 of the cases, regardless of the input state in[Eq.]|(5.19).

In this section | have demonstrated on an example that the application of multiplet
concept in the description of photon number conservation can be indeed useful in under-

standing operation of few-photon interference devices.

5.2 Outline of an SU(3) theory of tritters

The question naturally arises whether one can treat a passive linear optical six-port or
tritter in a similar manner to beam-splitters. Such devices can be realized either as a set
of three coupled waveguides or as a combination of beam-splitters and phase-shifters[66].
There are now three input and three output modes, thus both the input and output can be
regarded as three-dimensional oscillators. Three-dimensional oscillators are well known
to posses$U(3) symmetry. On the other hand, the tritter can be described, similarly to
the beam-splittef (1.73), by a unitary operator which is now eleme8U¢8):

3
=1

wherea;-s andBi-s are the annihilation operators for the input and output modes respecti-
vely. Thus we can follow the similar way, as in the case of beam splitters: first describing
the bosonic realization afil(3) algebra and the structure of multiplets, then introducing
some details of the tritter-transformation.

The lowest dimensional faithful representatiorsof3) algebra consists of eight33
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matrices%ii, i =1...8, wherel;-s are the Gell-Mann matrices, explicitly:
010 0 —-i O
=110 of, A=|i o of,
0 0O 0O 0 O
1 0 0 0 01
;=0 -1 0|, A=|0 0 0],
0O 0 O 100
0 0 —i 0 00O
=0 0 o, Zi=|0o0 1],
i 0 O 010
0 0 O 10 O
=0 o —il, ?18:%3 01 0 (5.26)
0 i O 0 0 -2

The bosonic realization is given in a similar form as in Eq. ([1.75) insti{@) case, namely

for the input operators:

@ g A
= = 5 A 4 |, (5.27)
as
whereas the realizatio@i, i =1...8 for the output field is defined in the same way with

the operator§,, k=1...3.
Let us describe the multiplet structure at the input port. In order to do so, | introduce
some operators usually applied in this context:

T.=F £iF,, U, =F,£iF,,

. 2
V. =F,+iF, T,=F,,Y = —-F,. (5.28)

V3
The eigenvalues of the two commuting operatdysandY are applied for labelling of
the multiplets (Such as the third component of angular momentum islt{2) case).
The others appear to be “ladder-operators”, which allow “movements” in the multiplets.
Before going into details, let us give the explicit form of all the operators for the input

field. The generators are

~

Fi = % <AT5‘2+‘€‘;§1>
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LY A PR
F2:§<azal_ 16‘2>
= l/gs sta
3:§<a1 1—a2a2>
: —}<”Té +ATé)
4= 5 (83T
s V(sta  ata
5:§<a3 173 3)
s L/gs | sta
F6:§<az 3+a3a2)
| (sta  ata
Fr=3 (8% -4a)
s 1 (s ata oata
Fo= 575 (8180 +aba, — 244, ) (5.29)
and the other operators:
T+:AJ1rA2
t:éyl
LjJr:"g‘;a
U_=4ala,
W
Vi = a8
V_=4ala,
U SN PN N
T3:§< 1a1—a2a2>
S
V=2 (ala, +aa,—24ay). (5.30)

Note that according to the ladder operators, the presence of thesil{fdesubalgebras
is apparent. Let us now examine the structure of the multiplets. There are two Casimir
operators oBU(3), but they have a rather difficult structure, thus it is conventional to use
some other indexing of the multiplets.

In order to index states corresponding to the same multiplet, the eigenvalues of the
f3 andY operator appear to be suitable, which are linear combinations of the number
operatorsala, ala, and&la,, and they commute with them. Thus the eigenstates of

these number-operators, them) Fock-states, are the eigenstateﬁghnd\?, with the

eigenvalues.

T,nlm) = %(n—l)|nlm), Y|nim) = %(n+| —2m)|nim). (5.31)
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Figure 5.2: Action of the ladder operators on fje-Y plane

Thus the multiplets can be visualized in fhe-Y plane.

If one of the elements of a given multiplet is known, the others can be constructed
using theJ,, V.., T, ladder-operators. The action of these operators is shown ifi Fig. 5.2.
It can be seen that the(3) algebra contains three:(2) subalgebras symmetrically.

Generally, SU(3) multiplets are hexagon (truncated triangle) shapég-el plane.

(For a simple explanation see e. g. in Ref./[53]). Due to the difficult structure of Casi-
mir operators (not detailed here), usually the dimensions of these polygons are used for

indexing the states. The multiplet denoted(Ryu) has

1=2T, atY =Y. (5.33)

Due to the additional symmetry of interchanging of bosons however, only the multiplets
(n,0) can be realized, where n denotes the total number of the photSome of the
multiplets are visualized on thig —Y plane in Fing.

Having described the multiplets, now let us turn our attention to the description of
the tritters alike that of beam splitters in Ref. [24]. The maltfixlescribing the tritter in
Eq. (5.2%) can be decomposed into a generalized “Euler-angle” parametrization defined
in Ref. [20]:

U (OC, ﬁ,'}’, 6.a,b,c, (P) _ e(i’lsa)e(mzﬁ)e(i’lsy)e(mse)e(m“sa)e(i’lzb)e(msc)e(m‘s‘/’)- (5.34)
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Figure 5.3: SU(3)-multiplets(1,0) of one photon and2,0) of two photons visualized

on theT, -V plane.

This expression enables us to connect a standard parametrizaBo3)fwith the physi-
cal parameters of the actual realization of the tritter, such as transmittivity and reflectivity
coefficients of the optical elements involved.

Similarly to the case of beam splitters, the action of a tritter may be described as fol-
lows: the input of the tritter can be described by the operafg_)rs. Ifg, which form a
su(3) algebra. With these operators, all the others described in (5.30) can be expres-
sed and used. The tritter transformatidmiefined in Eq.[(5.25) turns these operators into
operatorsG, ... Gg describing the output modes. Tkes are formed from thé, , b,, b,
operators. The transformatidh is represented by thadjoint representatiorof SU(3),

which is an 8-parameter subgroup of the gr&8) of 8-dimensional rotations:
8
G =UFRU'= S R;F,, Resqs). (5.35)
=1

The explicit form of theR matrices is given in Refs. [22, 21].

5.3 Summary

In this chapter | have presented a generalization of a quantum state design scheme based
on nonlocality. | have analyzed the teleportation aspect of the arrangement, especially
from the point of view of photon number conservation. Inspired by this, | outlined a

description of passive lossless linear optical six-ports in tern®&J8) symmetry.



Chapter 6

Osszefoglalas

(Resume in Hungarian)

Ebben a fejezetben Kvantumteleportacié altalanos Hilbert terekben és az optikaban”
cim( doktori disszertaciom részletes magyar nyelvl 6sszefoglalasa talalhatd, az SZTE
TTK Doktori Tanacsa altal éirt terjedelemben. Ennek megféleh az 6sszefoglalé nem

az angol nyelvii 6sszefoglal6 fejezet forditasa. A fejezet pontjai a disszertacié fejezeteit

kovetik.

6.1 Bevezetés

A XX. szazad vége a kvantummechanika ,masodik aranykoranak” tekintliet az el-
mélet, amely az 1920-as években sziletett, forradalmat jelentett a fizikaban, és fontos
mérfoldidveé valt az eurdpai gondolkodas altalanos vilagképe szdméra is. Az elmélet
rendkivil sikeres volt: hasznalhaté modellt szolgaltatott az anyag szerkezetét és kdlcson-
hatasait illeben, magyarazatot adott a fény keletkezésére és anyaggal valé kdlcsdnhata-
séra, és még szamos mas kérdésre valaszt adott.

A sikereknek azonban ara volt: elvesztettilk a szemléletes, az ember szaméara elkép-
zelhet fizikat. Es noha a kvantummechanika pontos recepteket szolgaltat a éngdaet
tok szarmaztatasara az absztrakt matematikai mdighklzamos paradox, a klasszikus
szemlélet szamara idegen jelenséggel kell szembesulnink, melyek mogott rendszerint a

kvantummechanika két killénos fogalma all:tszszefonddottsaes akvantummechanikai

84
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méres

Ezen problémak, noha mar kezddtirzékelhehek voltak (példaul Einstein, Podolsky
és Rosen hires cikke az 8sszefonddasrol 1935-ben jelent mieg [31]), kezdetben gyakorlati
szempontbdl kevésbé tlintek alapretk. Az utdbbi néhany évtizedben azonban kisér-
letileg is elérhaivé véltak olyan alapvétkvantummechanikai rendszerek, amelyek az
alapjelenségeket tiszta formaban mutatjak. Az ilyen, elméleti szempontbdl egyszeriinek
tekintheb rendszerek éRllitasa kisérleti szempontbdl nehéz, cslcstechnoldgiat i@ényl
feladat.

Részben a kisérleti technologia tajesének kdszénhea kvantuminforméacidéma-
korének kibontakozasa, amely a klasszikus informacidéelméletnek egy kvantummechani-
kai eszkdzoket alkalmazo altalanositasa. Itt az informacio alapegysége egy kétallapota
kvantumrendszer, evantumbitvalamely allapota. Mig egy klasszikus bit értéke 0 vagy
1 lehet, a kvantumbit allapota az allapottér két bazisvektoranak, vagyis a klasszikus bit

allapotainak megfelél

0) és|1) allapotoknak tetsileges (normélt) linearkombinéacidja
lehet. A biteknek kvantumbiteket megfeleltetve, és a kvantummechanika szabalyait alkal-
mazva folépithét a kvantuminformécié elmélete, amely jelésen kilénbozik a klasszi-
kus informéaciéelméled, sok érdekes problémat és lebsdget folvetve. Ugyanakkor
a kvantuminformécié, és éaltalaban véve az informacié fogalmanak alkalmazasa rendki-
vill érdekes a fizika szamara is. A kvantuminformacio vizsgalatakor rendkivili médon
leegyszerUsitett fizikai rendszereket targyalunk. Ez azt isdekdeszi, hogy a kvantum-
mechanika alapvétaspektusait ezeken a rendszereken tiszta formaban vizsgalhassuk.
Disszertaciomban a kvantuminformacié manipulalasanak egyik afaeljérasat, a
kvantumteleportaciG@lemeztem kulonféle szempontokbél. Ez a fizikai rendszer allapota-
nak megsemmisitése és kébi eballitdsa mas helyen Einstein-Podolsky-Rosen parok és
klasszikus kommunikacié segitségével, melyet eredetileg Charles Bennett javasolt 1993-
ban [7]. A kvantumteleportacié az 6sszefonddottsag és a kvantummechanikai mérés egyik
legérdekesebb alkalmazasa.
Megfontolasaim egy része nem kdtk szorosan a jelenség konkrét megvalésitashoz,
ezért ezeket ,altalanos Hilbert-terekre” vonatkozd megfontolasoknak tekintem. Masik ré-
szlk a kvantumteleportacié valamely optikai megvalésitasahoz szorosabban kapcsolédik.

A kutatas célja részben az volt, hogy a teleportacio jelenségét kulonféle formaliz-
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musokban targyaljam, melyek a jelenség mas-mas részleteire vilagitanak ra. Emellett
megvizsgéltam a kvantumteleportacio egy optikai megvaldsitadséat, és annak alkalmazasat

kvantumallapot tervezés céljaira.

6.2 A kvantummechanika és kvantumoptika elemei

e s

A disszertacig [1. fejezetének célja, hogy az eredményekhez felhasisiheleteket

0sszefoglalja, lehéség szerint 5nmagukban értirned téve a disszertacid tovabbi fejeze-

teit. A kvantummechanika alapjainak 6sszefoglalasakor a legfontosabb szempont az volt,

hogy a két- illetve tébbrésEﬁkvantumrendszerek elméletének elemeit attekintsem.
Tekintstink egy kétrészl rendszert, amely az A és B részrendsaeskbA kvan-

tummechanika szabalyai szerint a kétrész( rendszer allapottere a részrendszerek allapot-

terének tenzorszorzata, vagyis a rendszer lehet példaul a

W) = (1018 s~ 121000 (6.1)

vektorral leirt allapotban, amely nem irhato fel a két részrendszer allapotainak szorza-
taként. Az ilyen tulajdonsagu allapotokatszefonddottnakevezzik. Az 6sszefonddas
tipikus kvantumjelenség, amely a kbznapi szemlélet szaméra furcsa szituacidkra vezet,
de léetezése kisérletileg kimutathatd. llyen paradox jelenség az dsszefonddott allapot-
ban preparalt, de @ben és térben eltavolodott részrendszerek viselkedésében jetentkez
statisztikus korreléaciok jelenléte, amelyek nem magyardzhatdk lokalis rejtettparaméter-
elméletekkel. Ezek felismerése Einstein, Podolsky és Rosén [31], valamint Bell [5] neve-
hez fiDdik, ezért elnevezéslkPR korrelacio Az 6sszefonddottsag az egész disszerta-
cidban centralis jeleftégel bir.

Alll fejezet masodik része az elektromagneses tér kvantalasat, a fotodetektalast, a kva-
zivalészinliségeloszlasokat, a veszteségmentes nyaldbosztok kvantumelméletét, és még

néhany kvantumoptikai problémakort tekint at roviden, melyek a disszertaciéban ismer-

tetett optikai eredmények hatterét képezik.

1A disszertacio targyat képészakteriletnek jelenleg még nincs kialakult, egységesen elfogadott ma-
gyar szaknyelve, igy bizonyos esetekben kevéssé ismert fordulatokat hasznalok. A kétrész(” sz6 az angol

Lbipartite” szénak egy Didsi Lajostdél szarmazo magyaritasa, amely két részrertisgakrbendszert jelent.
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6.3 Bevezetés a kvantumteleportaciohoz

Tekintsuk at a Bennett féle kvantumteleportaciés sémat [7] kvalitative. A feladd, akit
hagyoméanyosan Alice-nak nevez az irodalom, rendelkezik egy fizikai rendszerrel (ez az
1. részrendszer, Id.[a 2.1. abrat), amely egy ismeretlen kvantumallapotban van. Ezt az
allapotot kell megsemmisiteniink, és a &eBob oldalan helyredllitanunk. Az allapot
megsemmisitése ehhez elengedhetetlen, mivel egy fizikai rendszer ,klonozaséat” tiltjak a
kvantummechanika torvényei [81]. A teleportacio kivitelezéséhez Alice és Edetel

sen megosztoznak egy kétrészl rendszer egy-egy részrendszerén (a 2. és és 3. részrend-
szerek), amelyek 6sszefonddott allapotiak. Alice ezt KiBretegy olyan mérést végez
analaléd 1. és 2. részrendszereken, melynek eredményeképp azok egy 6sszefonddott
allapotba keriilnek. (A mérés sajatallapotai teljesen 6sszefonodott allapotok.) A mérés
hatdsara a Bobnal 16\3. részrendszer allapota a teleportalni kivant allapot valamilyen
transzformaltja lesz, ugyanakkor a mérés nem szolgaltat informaciét a teleportalandé al-
lapotrol Alice szamara. A transzformaciot, amelyet Bobnak el kell végeznie a néla Iév
részrendszeren ahhoz, hogy megkapja a teleportalandé allapotot, Alice mérésének ered-
ménye szabja meg. Ezt tehat egy klasszikus csatornan el kell juttatni Bobhoz. A sziikséges
transzformécié qubitek esetén a Pauli-matrixokkal irhat6 le.

Bennett a teleportaciot kétallapotu rendszerekre, vagyis qubitekre fogalmazta meg,
és altalanositotta azt tefdeges végesdimenziés Hilbert-térrel leirhaté rendszerekre. A
részletes leirast qubitrg a P.1. részben talaljuk.

A folytonos kvantumvaltozok, vagyis végtelen dimenzids Hilbert-terek allapotainak
teleportalasara szolgaldé elrendezést Braunstein és Kimble [17, 34] valdsitotta meg el-
soként, Vaidman([73] felvetése alapjan. A protokoll maga azonps]a 2.1. abran lathatd
Bennett-féle teleportacioéval, de a fizikai rendszerek és az alkalmazott eljarasok kilon-
bdznek. A rendszerek az elektromagneses tér modusai, az 6sszefonddott allapotok pedig
a fény kétmoédusu 6sszenyomott allapotai. Az unitér transzformacio, melyet Bobnak el
kell végezni, fazistérbeli eltolas. Az eltolas mértéke Alice mérési eredm@rfyigy. A
Bennett és a Braunstein-Kimble séma kapcsolatat tdlan a 3.4. pontban bemutatott Wigner-

fuggvényes leirds mutatja a legvildgosabban.
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6.4 Kvantumteleportacio altalanos Hilbert-tereken

Ebben a részben az altalanos Hilbert-terekre vonatkoz6 eredményeket foglalom dssze.

6.4.1 A kvantumteleportacio klasszikus hataresete

V4

kalmazott 6sszefonddott par allapota nem egy idealis maximalisan 6sszefonodott allapot.
Az allapotok egy olyan csaladjat tekintjik, amely tartalmazza az idealis 6sszefonddott par
allapotat, és annak egyfajta klasszikus hataresetét is.

Tegyuk fel, hogy az Alice-nal I1&v1. részrendszer teleportalni kivant allapototat a

p = (Poo Pm) 6.2)
n
P10 P11

strliségmatrix irja le. Alice és Bob olyan kvantumbiteken osztoznak (2. és 3. részrend-

szerek), melyek allapota

p®(@) = 2(115) [15) (Tal {1a] + 12} 1) Lol 1]
—a|Ty) [lg) (Lo (Ta] = |12) [T3) (12| (L3]), (6.3)

ahola € [0,1]. Itt a bazisallapotokat a spineknél megszokott mddon jel6ljuk oAz 1
esetben ez a Bennett altal alkalmazott maximalisan 6sszefondditt allapot, tehat az idealis
teleportaciot kapjuk vissza. Az =0 esetben a|,) |15) és a|T,)|l5) allapotok (in-
koherenskeverékékapjuk, amely két klasszikus bit antikorrelalt allapotanak felel meg.
(A Bennett altal alkalmazott allapot ugyanakkor e két szorzat-bazisakapetrens szu-
perpoziciéja) A (6.3) allapotok tehat az inkoherens kevetékt koherens szuperpozi-
cioig képeznek atmenetet olymodon, hogy az 6sszefonodott allapot strliségmatrixanak
off-diagonalis elemeit, vagyisoherenciaito-szorosukra csokkentjik.

A Bennett-féle protokollt valtozatlanul alkalmazva, d¢ a|(6.3) allapotokbdl kiindulva,
a teleportacio végeredménye a

Poo P
p(g) _ ( 00 01> (6.4)

&P P11
allapot lesz. Tehat az 6sszefonddott allapot strliségmatrixdnak off-diagonalis elemeinek

szorzojat oroklik a teleportalt allapot strliségmatrixanak off-diagonalis elemei, koheren-

ciai.
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Abban a specidlis esetben, ha a betnéltapot slrliségmatrixa eleve diagonalis:

pd) — (poo 0 ) (6.5)
n O
P11

akkor az egy klasszikus veéletlen bit allapotat irja le, anpgjy valoszintiséggel (b,
val6szinliséggel 1 allapotban van. Ezesetbea az0 ,teleportacid” is sikeres. Veégig-
gondolva, ekkor protokollunk épp a klasszikus Vernam-titkositasnak felel megj Id. a 3.1.
abrat! A Bell-mérés egyszer( kizaré VAGY (XOR) mulveletté, az unitér transzformaciok
bitcserékké egyszerlisédnek. A kvantumteleportécié tehat a Vernam-kéd kvantummecha-
nikai altalanositasanak tekintidet

AB.2.3. pontban részletesen elemeziink egy gondolatkisérletet is, amely megmutatja
az atmenetet a kvanutmteleportaciotol a Vernam-kad felé, szemléltetvd@ 1] kdztes

eseteket is.

6.4.2 A kvantumteleportacio leiradsa relativ allapot reprezentaciok-

kal

A disszertaci¢ 3]3. pontja a tiszta allapotokat alkalmazé kvantumteleportaciéo nagyon to-
mor, bazisfliggetlen leiraséat adja antilineéris antiunitér operatorok segitségével, amelyek
a kvantumcsatornak (szuperoperatorok) elméletében alkalmazott relativ allapot reprezen-
taciok alapjai.

A leiras kiindulopontja a kovetkéz Tekintslik a7, és.77g Hilbert-tereket! Legyen

|P) A € H) ® Sy kétreszi tiszta allapot. Ez mindenkepp kifejthet
‘CD>AB:ZCij“>A®|j>B (6.6)
1

alakban, ahol &), ® |j)g vektorok a szorzat ortonormalt bazis elemei. Definialhatunk

egy %, — Jg antilinearis operatort a kovetkgzépp:
L\q;)“>A:ZCij|j>B- (6.7)
]
Ezzel a kétrészi allapot:

D)as =3 )a® (L) )a). (6.8)
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llymédon minden kétrészi allapotnak megfelel egy antilinearis operator, és ez a megfe-
leltetés kolcsonosen egyértelmiiotSbelathato, hogy ebben a reprezentaciobdn & (6.8)
egyenlet valtozatlan formaban, ugyanazzaIL% operatorral érvényes, h#,-n egy
masik bazist valasztunk.

Belathatd, hogy®) ,g akkor €s csak akkor maximalisan 6sszefonodott, paantiu-
nitér. llyen esetben mindequ,>-hez tartozik egy ugynevezett relativallapot-reprezentacio,
amely fontos eszk6z a kvantumcsatornak elméletében. Ennek részleteit itt nem ismertet-
juk, mivel nekiink most maga a% operator érdekes.

Kiemeljuk azt, hogy a kétrész( allapotok részleges nyoma is kénnyen kifejezihet

ben a reprezentacidban:

9)p5L10),5 = 18 |Pas) (Pagl = Pa

L16) s L10)pp = TTa|Pag) (Pagl = Pa: 6.9)

Ezek utan ratérhetiink a teleportacio leirasara. Tegyuk fel, hogy az Alice altal végzett

kollektiv mérés sajatéllapotai a

log) = Zqul ® i), (6.10)

kétrész( allapotok, és Iq o) operatorral megadott allapoton osztoznak. Feltéve, hogy

sy 7

Alice mérése a@ eredményt adja, a Bobnal I&éllapot a mérés utan igy irhato:
LLGo;Lal™
Pout = 4y (LaL*LLgp,)

(6.11)

ahol ax az antiunitér konjugaltat jelentEz a teleportacié tomor, bazisfuggetlen leirasa.
Az adott mérési kimenetel esetén a teleportacié akkor hajthat6 végre, blavatatmilyen
(lehebleg linearis, unitér) transzformacidéval megkaphatd a teleportalni kivant allapot.

Kifejezheb aq mérési eredmény valészinlisége is:

. Kénnyen megmutathatjuk azt is, hogy|a (6.11) szuperoperator invertalhato, vagyis a
mérési eredmény esetén a teleportacio sikerrel végrehajthato, akkor]a (6.11) akkor és csak
akkor linearis, ha d (6.12) valoszinliség fuggetlgn, allapottol.

Ez a formalizmus alapot szolgéltatott a nem teljesen 6sszefonodott allapotok feltételes

teleportaciéjanak targyalasahoz[[50].
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6.4.3 Kvantumteleportacio diszkrét Wigner-figgvényekkel

Minden kvantummechanikai jelenség leirhat6 a fazistéren értelmezett kvazivaldészinlseé-
gekkel: ez a sliriségmatrixokkal valo direkt leiras alternativaja. Mivel a kanonikusan kon-
jugalt mennyiségek nem mérldek egyszerre, a fazistér hasznélata valamivel 6sszetettebb
feladat, mint klasszikus esetben: az eloszlasfliggvény definiciéja nem egyértelm, és az
allapotot leir6 eloszlasfiggvények bizonyos esetekben negativ értékeket is felvehetnek.
Ezért nevezzik az ilyen flggvényeKketazivaloszinliségeloszlasnak kvazivaloszinl-
ségeloszlasfiggvenyek kozul gyakran hasznaljuk az ugynevezett Wigner-fiiggvényeket,
amelyek bizonyos értelemben a klasszikus eloszlasfiggvényhez hasonléan viselkednek.
A végtelendimenzios Hilbert-térrel leirhatd rendszerek (példaul a harmonikus oszcillator)
esetén a Wigner-fiiggvenyek, melyekgt a 1.3.5. részben ismertettem, a kvantumoptika
szokasos eszkoztaraba sorolhatok.

Végesdimenziés Hilbert-terek esetén a fazistér és az eloszlasfiggvények bevezetése
tobb problémét folvet, igy azok hasznélata kevésbé elterjedt. Jollehet, mint latni fog-
juk, sikerrel alkalmazhatéak példaul a kvantumteleportacio targyalasara. Eldisebrel
vezesslk be a szukséges matematikai apparatust.

A fazistér bevezetésének egyik nehézsége abban all, hogy végesdimenziés Hilbert-
terekben nem lehet a kanonikus kvantalas szabalyanak mégfelkanonikusan konju-
galt mennyiségeket bevezetni: a Heisenberg-féle kommutacios relaciok csak trivialisan
elégitebk ki. (Ugyanez volna a helyzet végtelendimenziés eseben is, ha az egész téren
értelmezett operatorokkal dolgoznank. A kvantummechanika operatorai a Hilbert-tér stir(
alterén értelmezettek.

A végesdimenzios fazistéren értelmezett ,hely” és impulzus operatorokat bevezethet-

juk a sajatallapotok definialasaval: eydimenzids Hilbert-téren legyenek
N—1 N—1
a=S KKk, p= S lp)pl. (6.13)
k=0 =0
és koveteljuk meg, hogy
=15 @iy (6.14)
L P '
Ez analdg az impulzusallapot szokasos helyreprezentacidbeli alakjaval.obta é&br-

mulaban, és ebben a részben végig az egész szamok aritmetikai miveletei iodulo

értendk.
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A végesdimenziés Wigner-fliggvényt Wootters vezette békéist [80], mi az altala
javasolt formalizmust hasznaljuk. Ez killénésen egyszerlil pdmszam. HaN dsszetett
szam, a fazistér ebben a formalizmusban Descartes szorzat alaku, jo példa lesz erre a
teleportaciéban szerdpharomrészii rendszer. A tovabbiakban feltesszik, hbgy3

primszam. Ha& = 2, az operatorok mas alakuak. Definialjuk a

~ i 2 _
A@P) =S 8xq L NPT IS, (6.15)
rs

diszkrét Wigner-operatorokat. Ezekkel egylriségméatrixa allapot Wigner-fliggvénye:

1 .
W(g,p) =  Ir(pA). (6.16)
A g, p szadmok eg\N x N-es racsot feszitenek ki, ez maga a fazistér.

Megmutathatd, hogy az igy definialt Wigner-fliggvény a szokasos Wigner-fliggveény-

ekéhez hasonl6 tulajdonsagokkal rendelkezik, péld@urbinalisaia g ésp mennyiségek
méreési statisztikait szolgaltatjak:

=YW(@p), Po(p) =3 W(ap). (6.17)
P q

Tobbrészl rendszerek esetén a Wigner-operatorok tenzorszorzataival definialjuk a Wig-
ner-figgvényt, példaul kétrészl rendszerre:

1 ~ "
W(0, Py, . Po) = 15 Tr(p 1Ay (g, Py) © Ay (Gp. Po)- (6.18)

A részleges nyom képzése a részrendszer allapotdnak meghatarozésa céljabol az elha-
gyando részrendszer valtozéiban valé atlagolassal tortéenik:

N-1

(ql7 pl z W( ql7 P1, 0o, pz)
0y,P,=0

N-1

W(ay, p,) = z W(ay, Py, 0y Py)- (6.19)
q17p]__

Sziukségink lesz még a Kétdimenzids Hilbert-térrel leirhatd kétrészl rendszer Bell-

allapotaira, ezek maximalisan 6sszefonodott allapotok, amelyek teljes bazist alkotnak a
H ® A szorzattéren:

Zpx) zéNkP\klwk X)s- (6.20)
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Ezek az allapotok X = X, — X, relativ koordinata és aP = P, + P, teljes impulzu&ozos
sajatéllapotai: ezek ugyanis kompatibilis (egyszerre méymeennyiségek.

Ezzel készen allunk a Bennett-féle teleportacios séma fazistérbeli leirasara, ahol a
részrendszerel > 3 prim dimenzioju Hilbert-terekkel irhatok le.

Tegytik fel, hogy a teleportalando allapot Wigner-fliggvewyga, , p;) (1. részrend-
szer). A Bennett altal hasznalt maximalisan dsszefonddott allapot, melyet Alice és Bob

megoszt (2. és 3. részrendszereHE@0>23 allapot, melynek Wigner-figgvénye:

1
WEPR<q27 P2, d3; p3) = Wqu,q36p27_p3~ (621)

(Az EPR index itt Einstein, Podolsky és Rosen nevére utal.) Ez nagyon szemléletes ered-

/////

nak felel meg. A teljes rendszer allapota tehat a

1
W(q17 p17q27 p27 q37 p3) = mvvm (q17 p1)5q2,Q35p2,7p3 (622)

Wigner-figgvénnyel irhato le. A kbvetkéiepésben Alice megméri a nala éxészrend-
szerek (1. és 2.) relativ koordinatajat és teljes impulzusat. Ennek leirasara egy kanonikus
transzformaciéval olyan valtozékra tériink at, amelyek kozt e két mennyiség szerepel, és

a konjugalt mennyiségekben atlagolunk. Kiszamithato, hogy

e A mérés utan a Bobnal Iéwendszer allapota

Wout(dlz, P3) = Wi, (d3 + X5, P3 + Py), (6.23)
aholX, esP,; az Alice altal vegzett mérés eredmenyei.

e Az Alice altal végzett mérés statisztikaja egyenletes eloszlast mutat: Alice nem jut

informaciohoz a teleportalni kivant rendszer allapotarol.

Lathatjuk tehat, hogy a Bob altal végrehajtandé inverz transzformacidaaigtérbeli
eltolas ami megfelel a folytonos valtozok esetén ismert eredménynek. (Ne feledkezziink
meg a moduldN aritmetikarol. A diszkrét eltolas szemléltetésére If. & 3.4. abrat.)

Ha a részrendszerek dimenziészama mém 3 prim, a megfontolas kevésbé latva-

nyos, de fizikailag nem ad mas eredmeényt.
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Mindeblbl azt a kbvetkeztetést vonhatjuk le, hogy a végesdimenzids Wigner-fliggvény
formalizmus kivaléan alkalmas a kvantumteleportacio leirasara, igy hasznos lehet a kvan-
tuminformacio teriletén is. Masrészt a megfontolas vilagos kapcsolatot teremt a Bennett
€s a Braunstein-Kimble séma kozo6tt, noha a véges-végtelen hataratmenet egzakt matema-

tikai elvégzése nem trividlis.

6.5 A fénymoddus teleportacidjanak leirasa koherens al-

lapotokkal

s sz

Kimble altal bevezetett médszerének egy alternativ leirdsaval foglalkozik, melynek kiin-
dulépontja az alacsonydimenzids koherens allapot reprezentacidk alkalmazasa. A tele-
portacidban résztvévfizikai rendszerek itt az elektromagneses tér médusai (harmonikus
oszcillatorok), melyek allapotait targyalasomban koherens allapotok szuperpozicioiként
irom le.

Elsbként a

(6.24)

kvadratUra-operatorok sajatallapotait irjuk fel. Ezek felfoghatok a megféledrata-
raban végtelen 6sszenyomottsagu kvadratira 6sszenyomott allapotként. A kvadratira
O0sszenyomott allapot a [45] cikk alapjan felirhatd a fazistér meg@gfalglenesei men-

tén elhelyezett koherens allapotok szuperpoziciéiként, a kovietkézon:

1Sq. vac. p= A (r) / dXG (%) [X),

Sa. vac. =4 (1) [ dyG(y)ly). (6.25)
ahol
viy= L €% nd G —e B (6.26)
IRV RV T '

Gauss sulyfuggvény. Azitt az 6sszenyomottsagra jellethparaméter. Az — o hatar-
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esetben a kvadraturak nulla sajatértékeihez tartozo allapotait kapjuk:

|yP:o>:r|LrQo/der(x)yx>: /dx\x)

Ix=0)=Jim [ dyaliy)= [ dyliy). (6.27)

amelyek nem normalhaték. Végul a kvadratlra-sajatallapotok&mbeéllapot fazistér-
beli eltolasaval kapjuk, melyet(a) = exp(ad’ — o*&) Glauber-féle eltolasi operatorral

valésithatunk meg:

IP) =B(P)|[P=0) = [ dxé®x-+iP)

1X) = D)X = 0) = /dye—iXy|x+iy> . (6.28)

Rendelkezésre allnak tehat az elektromagneses tér két kanonikusan konjugalt mennyisé-
géhez tartozo allapotok.
Tekintsiink most két médust. Az ezek allapotterét kiféspljesen dsszefonddott

Bell-bazis, amelyet a teleportacional hasznélhatunk, a

Wiroq,.) = 1X)3lIP)s (6.29)

szorzatbazis transzformacidjaval kaphaték. Ez a transzformacio egy szimmetrikus nya-
laboszto hatasanak felel meg, ami 6sszevag a Bell-allapot detektor kisérleti megvalosita-
saval: az Alice-nél 1é& modusok egy nyalaboszton interferalnak, és az igy kelétkéz
mddusX ésP kvadraturajat mérik homodin detektorral. (A detektalast itt idealis projektiv
meérésnek tekintjuk.)

A szamitast elvégezve, a Bell-bazis elemei a

_XHFy A._XJriP

, ; 6.30
7 v (6.30)
komplex valtozok segitségével az alabbi alakdak:

BX.P)) = [ e AV |y Ay~ A),. (6.31)

Az A komplex szam indexeli az allapotokat. Vegyik észre, hogy noha két médus allapo-

tarol van szo, egyetlen komplex szamsikra integralunk.
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A teleportacié menete a kdvetk@zAlice és Bob azA = 0 dsszefonddott allapoton

osztoznak, ez az 6sszefonddott par (2. és 3. részrendszerek). Bbhlizlekzerint
|WEPR>23:/dzaGr(\/é|a\)\0‘*>2’O‘>3- (6.32)

Az Alice-nal 1é\0 teleportaland6 allapotot (1. részrendszer) allapotat a Glauber-féle ana-

litikus reprezentécidban irjuk fel:

Wy = [PBe 18 1B);. 6:33)

Mint a disszertacibban megmutatom, ébh kiindulasboél a teleportacié folyamata
kényelmesen nyomon kovetidetA 1épések: Alice projektiv mérése, mely Aparamé-
ter( allapotra vetit, és a Bob altal végrehajtott unitér transzformacio, amely az Alice altal

kapottA mért értékdl fiigg. A szamitas kulcslépése a
1
E/d2aelalz+“ﬁ fa) = f(B") (6.34)

Glauber-integral alkalmazasa.
Abban az idedlis esetben, ha végtelenil 6sszenyomott allapotokbdl indulunk ki, a

Bobnal 16\ allapot Alice mérése utan a teleportalando allapot eltoltja:
|Wr) = D(=2A)[W;,), (6.35)

0sszhangban Braunstein és Kimble eredményeivel. Ha az 6sszefonddott par nem teljesen
0sszenyomott allapotokbdl alakul ki, vagyis nem teljesen dsszefonddott, akkor a telepor-

tacié végeredménye (a Bob altal végrehajtott transzformécié utan):

—|o?

|le):/d2(xGr(\/§]a—2A|)e 7 f (o) o0, (6.36)

Lathato, hogy egy Gauss-tipusu simito faktor jelenik meg, ami nem csak az 6sszenyomott-
sagot (és igy az 6sszefonottsagot is) leipdiramétedl, hanem aA mérési eredméngt
is filgg. Ez annak a kdvetkezménye, hogy az 6sszefonddott allapot véges szamu fotont
tartalmaz.

Osszefoglalva: megmutattam, hogy a folytonos valtozok Braunstein-Kimble féle kvan-
tumteleportécidja leirhatd direkt modon, koherens allapotok specialis szuperpozicidinak

alkalmazasaval.
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6.6 Allapottervezés teleportacioval: fotoninterferencia

A nemlinearis optikai folyamatokban keleti®#ny rendszerint kis szamu fotont tartal-
maz. Ezen fotonok manipulalhatok linearis optikai eszkdzékkel (unitér miveletek), és
fotodetektorok segitségével kvantummechanikai mérés végejtik. Az elektromag-
neses tér médusai, mint részrendszerek, alkalmasak a kvantuminformacié fizikai repre-
zentalasara. Ezeket az elrendezéseket ,kevésfotonos interferencia eszk6zoknek” fogom
nevezni. A kvantumteleportacio él&isérleti megvaldsitasa is ilyen médon tortént [15],
de az alkalmazasok kozé sorolhatjuk a kvantumlitografiat [14] is.

Disszertaciom|s. fejezete kevesfotonos interferencia eszkézokkel foglalkozik: egy te-

leportaciora épid kvantumallapot tervézséma altalanositasaval, és optikai hatportokkal.

6.6.1 Az altalanositott kvantumoll6

A  kvantumollot” Pegg, Phillips és Barnett javasolia [62], az elektromagneses tér egy
haladéhullami moédusanak kvantumallapot-manipulécidjara. Az elrendezés két szimmet-
rikus nyalanosztobol, és két fotodetektorbdl all, és arra alkalmas, hogy adhmjddus
allapotabdl ,levagja” az egynél tébb fotonbdl allé komponenseket, a vakuum és az egy-
kvantumteleportaciéra épul.

Munk&dmban a kvantumollo6 olyan altalanositasat vizsgaltam, amely a kétfoton-allapotig,
illetve azN-foton allapotig képes levagni. Ez egybenMazlimenziés Hilbert-téren valo
teleportacié egy lehetséges optikai megvaldsitasa.

Az elrendezés gz §.1. abran lathato. A tovabbiakban az abran srgkpéseket
hasznalom a modusok, illetve azok eltligteperatorainak jelolésére. A bemenetre ér-

kezb allapot fotonszam-reprezentaciéban
W) = Z %K) (6.37)
K=0

A BS, nyalaboszt6 a bemenetére érég, ,) allapotbdl egy d6sszefonodott allapotot
allit elo. FeltételezzikW,,) allapot a|11) kétmodusu Fock-allapot, amely parametrikus

konverzioval eballithatd. A B§ nyalaboszté kimenetein egy

Wi2) = Bol20) + B,|11) + B,|02) (6.38)
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allapot jelenik meg, melyneR paraméterei a BSparameteredl (atlatszésag, a transz-
mittalt és a reflektalt nyalab fazistolasa) fliggenek. E két modus egyike a &iatiapot,

a masik modus pedig a BSwyalaboszton a beméréllapottal interferal. Teleportacio
szempontjabdl tekintve BV’ ,) allapot az dsszefonddott parnak felel meg, a kimeneten
keletkezik a teleportaland6 allapot, a B$/alaboszto pedig a Bell-allapot detektor része.

A BS, nyalaboszto kimeneteit egy-egy fotodetektor figyeli. Feltételezziik, hogy ezek
idealis fotonszamlalok, amelyek koincidenciaban valé megszolalasuk esétBriFack-
allapotra valo projekciot valositanak meg a B&mend modusain. (Ez egy igen @
feltevés: a jelenleg kisérletileg is elérbadetektorok nem idealis fotonszamlalok.) A
berendezés mikodéesét sikeresnek tekintjik, ha ez a detektalasi esemeny kovetkezik be.

Megmutattam, hogy amennyiben
e a két nyalaboszt6 fazistolasai megegyeznek,
e és mindkét nyalaboszto6 atlatszosagzilovagy 079,

akkor a kimeneten sikeres miikodés esetén a

2
|Woup O kz ?’k’k> (6.39)
=0

Jevagott” allapot jelenik meg. A sikeres miikodés maximalis valészinlis¢@e dmi
akkor érhef el, ha|W; ) = |W,,p, ami a [6.3D) egyenletbeli allapot feltételes teleportaci-
Ojanak felel meg. (Feltételes teleportacio alatt azt értjuk, hogy csak egy bizonyos detek-
talasi esemény, esetiinkben az 1-1 foton egyidejl detektaldsa esetén tekintjik a mveletet
sikeresnek.) A tobbi eseben a Fock-kifejtésnek csak az ,elejét” teleportaljuk.
Megmutattam, hogy lehet az eszkdzt altalanositani détgesN-foton allapotig tor-
térd levagasra is, ezt a disszertgcio 5.1.3. pontja tartalmazza.
Térjlnk vissza a ket fotonig valo levagas esetére, és vizsgaljuk részlet¢sen-a
|Wout €Setet, vagyis amikor az eszkdz feltételes kvantumteleportaciot valosit meg. A be-

merd allapot tartalmazzon tehat maximum két fotont:
Win) = Agl0)3+A[1)3+Ay[2)3, (6.40)

Felteheb a kérdés, hogy mely detektalasi események esetén lehet teleportaciorél be-

szélni, vagyis mikor tartalmaz a kimenet mérés utani allapota a b&jiapottal azonos
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informaciot. Ennek megvalaszolasat megkdnnyiti az impulzusmomentum Schwinger-
[1.3.8. pontjaban olvashatunk.

A lényeges itt szamunkra az, hogy a kétmédusu Fock-allapotok (és igy az egyes mé-
rési kimenetelek, melyek az ezekre val6 vetitést jelz8t)(2) multiplettekbe rendez-
hebk, amelyelka nyalaboszto-transzformécio invarians alterdiCasimir-operator itt az
0sszfotonszammal fejezlddti, igy az egy multipletthez tartozo allapotok 6sszfotonszama
azonos; a multipletteket az 6sszfotonszam felével indexeljuk. A multipletten beldli inde-
xelésre a fotonszam kilénbsége ad madot. (Az impulzusmomentum terminoldgiajaval a
fotonszam fele a teljes spin, mig a killonbség fele a sfimmponens kvantumszamanak

felel meg. Bevezetve a

2\ Atl 1521 -
|\/||3:c2+3c3 3, ly=—I...1 (6.41)
operatorokat, a komplex egyutthatok e?@wls, l; = —1...I keszletéhez definialhatjuk a
[
A, =5 2t PN (6.42)

=1
operatorokat.

A detektorok miikodése (projektiv mérésyte harom modus allapota
[Win)109=A'(E,€1,57)(0), (6.43)

alakba rhat6, ahol A" (¢}, ], b) a keloperatorok polinomja, amely|#m) 5 allapotot
kelti a vakuumbol. Ez az operator kifejezbet (6.42) egyenletben bevezetett operatorok-

kal. Miutdn maximum négy foton lehet egyszerre a kimeneten, az operator alakja
Atcat af fty 2 7 1 7 pt 0 7 iot2
A'(C,C,b)) = AN M Goy + A D7)
32 22 pt, 1 2 pt2
+  ACA 2 L+ S01?)

" %(4//Zg+3//2%61+2//2j612). (6.44)

Az irott betlivel jelzett egyutthatok a nyalabosztok paramétarigiggnek. Hogy az al-
lapot rekonstrualhaté legyen, olyan mérési eseményt kell valasztanunk, anfgly/z
ésA, egyiitthat6jt multiplettekben is jelen van. Ezek# 2.4 2.4 , multiplettek.

Vagyis az allapot atviteléhez két fotont kell detektalnunk.
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Ez az analizis a fotonszam-megmaradas egy elegans megfogalmazasa segitségével

megvilagitja az altalanositott kvantumollo teleportalé berendezésként valé mikodését

6.6.2 A passziv linearis optikai hatportokrol

Az el6z6 pontban lattuk, hogy az impulzusmomentum Schwinger reprezentacioja, és a
nyalaboszték erre alapuld leirdsa hasznos lehet egy interferometrikus berendezés mikddé-
sének megértésekor. Felmerl a kérdés, lehetséges-e egy passziv veszteségmentes linearis
optikai hatport (harom bemenetl, harom kimenetl eszkdtter” hasonlo leirasa.

Az altalanos tritteiSU(3) transzformaciot valosit meg a kimenetek és bemenetek el-

tlinte operatorai kdzott:
3
=1

A nyaldbosztohoz hasonl6 targyaldshoza) algebra bozon-reprezentacidjat kell fol-
irnunk. Ehhez aAli i = 1...8 Gell-Mann matrixokbdl indulunk ki, melyek az algebra
legalacsonyabb dimenzios hi reprezentaciojat adjak, explicit alakjuk g (5.26) egyenlet-

ben lathat6. A bemenet operatoraibol képeélet3) reprezentacio:

@ g
Ai _ é )Li éZ , (646)
éS

a kimenet operatoraibdl hasorﬂi? operatorokat képezhetunk. Eilkiindulva azsu(3)
minden operatora (Iép@peratorok, stb.) megkonstrualhatoak, Id. a (5.30) egyenletet.

Felmerul a kérdés, hogy mik alkotjak &J(3) multipletteket ebben az esetben. Az
SU(3) csoportnak két Casimir-operatora van, sejthetjik, hogy az egyik a fotonszammal
kapcsolatos, kérdés ugyanakkor, mit ir le a masik.

Az SU(3) multipletteket al;—Y sikon szokas abrazolni, ahol a mi reprezentacionkban
. 1 - 1
T3|nlm>:§(n—l)|nlm), Y]nlm>:§(n+l—2m)]nlm>. (6.47)

Az irodalombdl kidertl (Id. pl. [[58]), hogy a bozonok nem realizalnak minden mul-
tiplettet, ami a bozonok felcserélési szimmetriajanak kdszénhé&bldl kdvetkeden
bozonokkal csak d;-Y sikon haromszoggel abrazolhaté multiplettek realizalhatok bo-
zonokkal. Tipikus multipletteket latunkja $.3. abran, mjg a 5.2 abra a eppsiratorok
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hatasat mutatja &-Y sikon. Utobbin megfigyelhét hogy azsu(3) haromsu(2) részal-
gebrat tartalmaz. A konkluzié az, hogy bozonok esetédldB) multiplettek szintén egy
paraméterrel indexelh@t, ez pedig a teljes fotonszam.

A multiplettek leirdsa utan ratérhetlink a tritter leirasara.| A {6.45) egyenlet unitér
operatora az eltint@toperatorokat transzformalja. Az ez«'a'llklch(épzettlfi € su(3) ope-

s sz

G; € su(3) operétoraiba:
~ ~ 8 ~
G =URU'"= Y R;F;, ResO®). (6.48)
=1

Az adjungélt reprezentacio a valés nyolcdimenzids forgatasok egy nyolcparaméter(i rész-
csoportjat alkotja. (V. 6. nyalaboszto esetén ezek haromdimenzids valés forgatasok.) Az
R matrixok explicit alakja megtalalhatéla [22,/21] cikkekben. Azt mondhatjuk tehat, hogy

a trittereknek lehetséges egy a nyalabosztékéhoz hasonl6 csoportelméleti targyalasa, noha
ez kevésbé praktikus mint a nyalabosztoké: itt nem harom, hanem nyolcdimenzids forga-

tasokkal kell dolgozni.
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6.7 Az eredmények tézisszerl 6sszefoglalasa

Disszertaciomban a kvantumteleportacioval és a fotoninterferenciaval kapcsolatos ered-
ményeiment mutattam be. Munkam a kvantumkommunikacié elméletének témakoréhez,
és a kvantumoptikahoz kapcsolodik.

A kvantumteleportacié a kvantumkommunikacio alapwdkotdeleme, és az Einstein-
Podolsky-Rosen korrelaciok egyik legérdekesebb alkalmazasa. Bemutattam ennek egy
klasszikus hataresetét, amelpstgiti a kvantummechanikai jelenség megértését. Alter-
nativ leirasokat dolgoztam ki a kvantumteleportacio folyamatara. Mindegyik kilénb6z
leirds egy-egy sajatos r@zontot jelent, ezek a népontok a teleportécids folyamat ki-
l6nféle aspektusait fedik fel.

Optikai elrendezéseket tanulmanyoztam, amelyekben kis fotonszamu kvantumallapot-
tal rendelked fénymadusok interferalnak. Ezeken belil egy kvantumallapot-preparalo el-
rendezés altalanositasaval foglalkoztam, amelynek alapja a kvantumteleportacié egy op-
tikai megvalositasa. Azt talaltam, hogy a veszteségmentes nyalabosztok isrséft2az
szimmetriara épdl leirdsa segit a széban forgé interferometrikus elrendezés mikodésé-
nek megértésében. Ez motivalta a passziv, linearis, veszteségmentes optikai hat-portok
(tritterek) SU(3) szimmetria segitségével valo targyalasat.

A fébb Uj tudomanyos eredményeimet az alabbiakban pontokba szedve foglalom dssze.

A kapcsolddo publikaciéimat a ,List of related publications” cim( oldal tartalmazza.

1. Megmutattam, hogy a kvantumbit Bennett-féle teleportacioja a Vernam-titkositas
kvantummechanikai altalanositasa. Ez utobbi az elméletileg legmegbizhatobb klasszi-
kus titkositasi eljaras, amely azonban végtelen sok korrelalt valédi véletlen bitpart

igényel, igy a gyakorlatban kevéssé hasznalhato.

A Vernam-titkositas és a kvantumteleportacié viszonyanak megértése hozzasegit a
kvantummechanikai folyamat természetének megértéséhez. A klasszikus-kvantum

atmenetet egy gondolatkisérlet elemzésén keresztil mutattam be. [11]

2. Vizsgaltam a tiszta allapotu 6sszefonodott part €s projektiv mérést alkalmazo, pro-
babilisztikus teleportacidés sémakat végesdimenzids Hilbert-tereken. Létezik a két-

részl (két részrenszéiallo) kvantumrendszerek allapotainak egy antiunitér ope-
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ratorokkal tortéd reprezentacidja. Ebben a formalizmusban a maximalisan dssze-
fonddott allapotokat antiunitér operatorok irjdk le. Az antiunitér operatorokat a fizi-
kaban az idtikrozés leirdsara szokas hasznalni. Ez egy masik érdekes alkalmaza-
suk, amely tobb szempontbobelyds, példaul teljesen bazisfliggetlen. Ez a repre-
zentacidé a kvantumallapotok és kvantumcsatornak relativallapot-reprezentaciojanak
is alapjaul szolgal. Az antilinearis reprezentacio felhasznalasaval kifejeztem a sz6-
ban forgo teleportacio altal megvaldsitott kvantumcsatornat operatorként, egy to-

mor, bazisfliggetlen alakban. [VI]

. A kvantumjelenségek alternativ leirasanak elterjedt médja a kvéazivalészinliségel-
oszlas-fuggvények hasznalata. Az egyik leggyakrabban hasznalt kvazivalészinliség-
eloszlas a Wigner-fuggvény. A folytonos valtozok (oszcillator allapotok) kvantum-
teleportaciéjat is Wigner-fliggvény formalizmusban vezették bezéir, mig Ben-

nett eredeti cikkében kdzvetlenll egy végesdimenzios allapottér vektorait hasznalja.

A végesdimenzios Hilbert-tereken tobbféleképp is definialhatunk Wigner-figgveny-
eket. Egy definiciét ezek kdzul kivalasztva, Bennett-féle kvantumteleportacio leira-
sat adtam végesdimenzids Wigner-fuggveny formalizmusban. Az (j leiras vilagos
képet ad a kvantumteleportacié folyamatarol a végesdimenzids fazistéren, megmu-

tatva a Bennett féle teleportacié kapcsolatat a folytonos kvantumvaltozok telepor-

V4

. Az alacsonydimenziés koherenséllapot-szuperpoziciok hasznéalata hasznosnak bi-
zonyult a fény nemklasszikus allapotainak leirasdban. Ezért ezek tobbmaodusu alta-
lanositasa, és kvantumkommunikécios elrendezésekre val6 alkalmazasa perspekti-

vikus terilet.

Megmutattam, hogy az egymddusu elektromagneses tér Braunstein-Kimble féle
teleportaciéja koherensallapot-reprezentacidban direkt moédon targyalhaté. A fel-
hasznalt 6sszefonodott allapotokat konjugélt koherenséllapot parok szuperpozicié-
jaként irtam fel. Ezek a kvantumklénozas elmélétéb ismertek. A szuperpozi-

cios integralban elegefddnégy helyett két valtozoban integralni. Az alkalmazott
eljaras alternativja a tobbmaédusu fény fazistérbeli vagy fotonszam reprezentaciot

hasznalo leirasanak. [II1,V,VI]
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5. Optikai multiportok és fotodetektalas alkalmazasaval. és fotodetektalassal a fény

77 7

szadmos kvantumallapotadélllithato.

Altalanositottam egy ilyen interferometrikus elrendezést, az irodalomban ismert

21

~kvantumollét”. Az ,altalanositott kvantumoll6” alkalmas kevésfotonos Fock-allapot
szuperpoziciok éallitasara, manipulalasara, egy médus eléhany fotonszam-
komponensét teleportalva. Az elrendezés tervezése optimalizalt paraméter(i nyala-

bosztok felhasznalasat igenyli. [I]

6. Ismert, hogy au(2) és asu(3) Lie-algebra is megvaldsithaté bozonokkal. Ennek

alapjan a veszteségmentes nyaldbos#t4{2) szimmetria segitségével irhatok le.

Elemeztem az ,altalanositott kvantumolld” teleportacios aspektusat a nyalabosztok
SU(2) szimmetrigjanak felhasznalasaval. A szimmetria hasznosnak bizonyult az
eszkdz mikodésésnek megértésehez. A nyalabo&tiioR)-elméletével analdg
leirdst adtam a passziv, lineéris, veszteségmentes optikai hatportokra (tritterekre),

az SU(3) szimmetria felhasznalasaval. [1,VIII]

A bemutatott eredményekhez kapcsolédd publikacidkra mar érkeztek hivatkozasok.
Ismereteim szerint a végesdimenzios Wigner-fliggvenyeket alkalmazé cikkemeiddvet
egy Uj Wigner-fuggveny formalizmust vezettek be, amely jobban illeszkedik a kvantumin-
formacioelméleti problémakhoz. A koherensallapot-szuperpozicidkat is tovabbfejlesztet-
ték: teljes bazist talaltak a kétmddusu fény Hilbert-terén, és a zajos kdrnyezetbed tortén
teleportacioét is leirtak. A vakuum és egyfoton-allapot szuperpozicidjanak teleportalasa
mar kisérletileg is elérhét és a kvantumoll6 megvaldsitasanak lékégét is tébb szebz

elemezte.
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Summary

In this thesis, | have presented my results concerning quantum teleportation and photon
interference. My work contributes to the field of quantum communication theory and
guantum optics.

Quantum teleportation is the basic constituent of quantum communication, and one
of the most interesting applications of Einstein-Podolsky-Rosen correlations. | have in-
vestigated a classical limit of quantum teleportation to benefit the understanding of the
guantum case. | gave alternative descriptions of the phenomenon, utilizing several differ-
ent formalisms. Each description endows new points of view, disclosing certain aspects
of teleportation processes.

| have studied optical schemes, where modes of the electromagnetic field with a very
low photon number interfere. Specifically, | have generalized a quantum state preparation
method, which is mainly based on an optical implementation of quantum teleportation. |
have found, that the well-known application 8f)(2) symmetry in description of beam
splitters helps in understanding the operation of this interferometric scheme. Motivated by
that, | described passive lossless linear optical six-ports with the &U(#) symmetry.

In the following | summarize the main points | have considered. The list of related

publications follows this summary page.

1. | have shown, that the Bennett scheme for quantum teleportation of a qubit is the
guantum mechanical generalization of the “one-time-pad” or Vernam’s cipher. The
latter is the theoretically most reliable way of secure classical communication, but
as it requires a huge number of correlated true random bits, it is rarely used in

practice.

The understanding of the relation between the “one-time-pad” and teleportation
helps understanding the nature of the quantum process. The classical-to-quantum

transition is illustrated by an analysis of a gedanken experiment. [Il]

2. | have considered probabilistic quantum teleportation processes utilizing pure states
as entangled resource and projective measurement, on finite dimensional Hilbert-

spaces. There exists a description of states of bipartite quantum systems in terms of
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antilinear operators. Maximally entangled states are described by antiunitary oper-
ators in this formalism. Antiunitary operators are generally related to time reversal
symmetry in physics. This is another interesting application of these operators,
having several advantages, such as independence of the Hilbert-space basis. This
representation is deeply related to the relative state representation of quantum states
and channels. Utilizing the antilinear representation, | have expressed quantum
teleportation as a quantum operation or quantum channel in a compact, convenient
form. [VI]

. A prevalent alternative description of quantum phenomena is the application of
guasiprobability distributions. One of the most frequently used quasiprobability
distribution is the Wigner function. Quantum teleportation of continuous variables
(i.e. oscillator states) was first described in this formalism, while Bennett's original
guantum teleportation scheme was introduced in terms of quantum states directly,

on a finite dimensional Hilbert-space.

There are several ways of defining Wigner functions for finite dimensional Hilbert
spaces. Choosing one of these formalisms, | have described Bennett's quantum
teleportation in terms of discrete Wigner-functions. This new description clearly
demonstrates the process of teleportation in the discrete phase space, revealing the
connection with teleportation of continuous quantum variables. This was one of the

first applications of discrete Wigner functions in quantum information context. [1V]

. Low-dimensional coherent-state representations have proven to be useful in describ-
ing nonclassical states of light. Their multimode generalization and application to

guantum communication arrangements is therefore tempting.

| have shown, that the Braunstein-Kimble teleportation scheme for teleportation
of a single-mode electromagnetic field can be described in terms of coherent-state
superpositions in a direct way. The entangled states utilized in the process are de-
scribed by means of conjugate coherent state pairs, which also appear in the theory
of quantum cloning. In the superposition integral it suffices to integrate over two
real dimensions instead of four. The method applied for this is an alternative to the

number-state or phase-space representation method in the treatment of multi-mode



107

fields. [III,V,VI1.]

5. By application of optical multiports (arrangements of beam-splitters and phase

shifters) and photodetection, it is possible to prepare certain quantum states of light.

| have presented such an interferometric scheme, the “generalized quantum scis-
sors”, which is capable of generating superpositions of few-photon Fock-states. The
device teleports the first few Fock-components of an electromagnetic field mode. Its

design relies on the application of beam splitters with optimized parameters. [l]

6. Itis known, that botku(2) andsu(3) Lie-algebras have bosonic realizations. Based

on this, on may describe beam-splitters in termS0f2) symmetry.

| have analyzed the teleportation aspect of the “generalized quantum scissors” by
exploitingSU(2) symmetry of beam splitters. That turned out to be useful in under-
standing the operation of the device. | also gave a description of passive, lossless,
linear optical six-ports (tritters) in terms 8UJ(3) symmetry, in analogy witlsU(2)

theory of beam splitters. [1,VIII]

These results have already received some citations. Up to my knowledge, my pioneer-
ing Wigner-function description of teleportation led to an introduction of an alternative
finite dimensional Wigner function concept, which is more convenient in quantum infor-
mation purposes. The application of coherent-state superpositions was further developed:
a complete basis was found to describe arbitrary two-mode states, and a description of
quantum teleportation in a noisy environment was given. The teleportation of a super-
position of vacuum and one-photon state has been realized recently, and the possibility
of experimental realization of quantum scissors was also investigated by several authors

since.
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Some of the notations

Some of the notations

N
R
C
I

span

SQn)
SU(n)
su(n)
8 |
5(x)

set of natural numbers (0,2, ...)

set of real numbers

set of complex numbers

Hilbert space

vector space spanned by the vectors in argument
identity operator

group ofn-dimensional rotations

Lie group ofn x nunimodular unitary matrices of unit determinant
Lie algebra corresponding 8U(n)

Kronecker-delta

Dirac-delta

Cartesian product of setst xV = {(u,v)jue U, ve V}
composition of functions

complex conjugate

Hermitian conjugate

adjoint of antiunitary operator

guadrature eigenstate
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