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INTRODUCTION

Introduction

Understanding the interaction of matter and light was the problem which led to the birth of quantum
mechanics a hundred year ago. One of the most important discoveries which burst the frames of
classical physics was the discovery of spectral lines of the atoms. The first model suitable to explain
this observation was by Niels Bohr in 1913: according to his model, only specific orbits of electron
can exist inside an atom with well-defined energies. When jumping between the orbits, the electron
would absorb or emit light corresponding to the energy difference of the orbits. In 1917, as an
extension to Bohr’s model, Einstein introduced the concept of spontenous and stimulated emission
and absorption, with which he created the foundation for the discovery of the laser. However, more
than 40 years was needed for the first realization of this important tool in 1960.

The appearance of lasers, besides having an enormous amount of useful applications in every-
day life, created new directions for the investigations of matter-light interactions, by providing an
intense, monochromatic and coherent light source. One of the important tasks that one may achieve
is a better and better coherent control of quantum states of atoms or atomic ensembles. By now,
this area has become an important and rapidly developing field of quantum optics. On one hand,
atoms are relatively simple systems which are suitable to demonstrate the basic concepts of quantum
mechanics. The significance of such investigations was recently highlighted by the Nobel-prize. On
the other hand, the coherent control of atomic states opens a way for numerous important applica-
tions in various fields of modern physics, including quantum chemistry [1-4], magnetometry [5-9],
trapping and cooling atoms and molecules [10-13], or quantum computation [14-20] and processing
of optical information [17, 21-23]. By coherently preparing the atoms, one can modify the optical
(refractive and absorption) properties of the medium composed of such atoms. As a result, sev-
eral interesting and important nonlinear optical effects may occur or be enhanced, including high

harmonic generation|[24-27], multiphoton ionization[28-30], nonlinear frequency conversion[31-34],
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electromagnetically induced transparency[35-38], and many others.

There is a large variety of techniques for the coherent preparation of the atomic states. In the
simplest case of a two-level model atom interacting with a resonant laser pulse, Rabi-oscillation
occurs between the populations of the atomic states. The proportion of the populations in each state
after the interaction depends on the area of the Rabi frequency (integral of the Rabi frequency over
time). For example, if this area equals an odd integer multiple of 7, complete population inversion
can be established. However, the process is sensitive even to relatively small variations of the pulse
area and to the resonance conditions between the interacting laser field and atomic transition [39].
This may result in additional difficulties in experiment, especially in the case of multilevel atoms.

More robust control of atomic quantum states (against small-to-medium variations in the pa-
rameters of the laser fields) can be achieved by coherent control schemes based on adiabatic follow-
ing(see [40—42] and references therein). In these cases the control is achieved by adiabatically tuning
one of the parameters of the atom-laser interaction in time, which drives the atomic populations
along the adiabatic states of the system [43, 44]. The most-used schemes of the adiabatic following
include stimulated Raman adiabatic passage (STIRAP) and adiabatic rapid passage (ARP).

In the STIRAP-scheme [40, 41, 45-52] two time-shifted laser pulses having constant carrier fre-
quencies are applied to a A-atom, in order to adiabatically change the coupling between the laser
fields and the atomic transitions. As a result, the population of one of the ground states can be trans-
ferred to the other ground state without excitation of the atom, if the pulses arrive in the proper
(counterintuitive) order. With extensions to the STIRAP scheme [53-59], coherence creation among
metastable states of the atom is also possible. The STIRAP-based schemes are advantageous in those
situations where minimizing the excitation of the atom is a top priority to avoid the decoherence
effects caused by spontaneous decay from the excited states. When applying these schemes one needs
to take into account that they are generally sensitive to the two-photon resonance conditions.

In the schemes based on ARP, the detuning between the frequency of the interacting laser fields
and the atomic transitions is changed in time [60]. In case of the Stark chirped rapid adiabatic
passage (SCRAP) schemes|[61-66] a far detuned strong laser field is applied to shift the energy level
of the excited state in time via the Stark-effect. These schemes are not sensitive to the resonance
conditions, but the population redistribution process is accompanied by temporary excitation of the

atom.
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Frequency modulated (chirped) laser pulses applied in the atom-laser interaction represents an-
other possibility for performing ARP [67-80]. In this case, it is the frequency of the driving elec-
tromagnetic field(s) that is a key parameter governing the rearrangement of the atomic population
among its quantum states. The investigation of this kind of atomic control has been the main focus
of the group of ”Cold plasma and atomic physics” in the Wigner Research Center of Hungarian
Academy of Sciences, both by experimental [81, 82] and theoretical [12, 70, 73-78, 83-85] methods.
Arrangements using frequency-chirped (FC) pulses have been shown to be suitable for solving several
coherent control problems. A scheme for complete population transfer between metastable states of
a A-atom was proposed in [74, 77], and was generalized for creating coherent superposition in the
metastable states of a tripod-atom [78]. It was demonstrated for both cases that by using a sin-
gle FC pulse, adiabatic control can be achieved with negligible atomic excitation, although perfect
population trapping cannot be achieved (like in STIRAP-based schemes). The main advantage of
these schemes is that due to the frequency chirp, they are less sensitive to resonance conditions
and may be successfully utilized in media with both homogeneously and inhomogenously broadened
transition lines. In A-atoms another interesting control scheme was demonstrated [73, 75]. Namely,
being initially prepared in a superpositional state, the atoms are transferred into such a population
distribution by two FC laser pulses, that depends strongly on the difference between the initial phases
of the pulses. It was proposed to use this property for mapping the optical phase information into
populations of the atomic states. However, this scheme has the drawback that the process results in
excitation of the atom, inevitably leading to limitation of the information writing and storage times
by the decay time of the excited state.

Being motivated by the above described schemes using FC pulses, one of our goals in our work
was to create a generalized control scheme which may be applied to optical information writing and
storage. In order to broaden the possibilities of controlling the created superpositions, we used three
FC pulses interacting with a tripod-atom instead of one like in [78]. We wished to find arrangements
suitable for, on one hand, on-demand coherence creation in metastable states of the tripod atom and
on the other hand optical information mapping in the population of the metastable states. In order
to avoid the decoherence caused by spontaneous decay and thus to extend the storage time of the
mapped information, we considered the elimination of the atomic excitation as a top priority.

We also investigated control schemes in A-atoms including the application of a pulse having
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constant carrier frequency simultanously with a FC pulse which frequency is swept through the two-
photon resonance. We analyzed the schemes of the coherent control of the atomic population in
two cases regarding the one-photon detuning of the constant frequency pulse. We have shown that,
for resonant coupling, a robust coherence-creation is possible between one of the metastable states
and the excited state, which may be applied for high-order harmonic generation or multi-photon
ionization [24, 28, 29, 86-89]. For the far-detuned case, a population transfer occurs between the
ground states in a A-atom. However, if the scheme is applied to the Zeeman-sublevels of the D2-line
in 8" Rb, coherent superposition between the ground states is also possible due to nonadiabatic effects.
We also proposed the presented scheme for application in an experiment based on Faraday-rotation.

In the above mentioned interaction schemes the coherent control is considered in single atoms
and the back-action of the atoms on the laser fields is neglected, along with propagation effects such
as interaction of the laser pulses with each other. This may be a good approximation in optically
dilute media, but these effects have to be taken into account when we wish to perform a coherent
control in an optically thick medium [90-93]. In this case, preparation of the atoms of a medium in
coherent superposition of the quantum states may significantly modify its optical properties leading
to very interesting and important propagation effects, like electromagnetically induced transparency
(EIT). In the EIT-based schemes (see [35-37, 94] and references therein), an intense laser pulse (of
constant carrier frequency) renders the whole medium transparent for a weak probe pulse in Raman
resonance with the intense one. A nearly lossless propagation was also demonstrated for a single FC
laser pulse in optically thick media consisting of A-atoms[91]. The two above mentioned schemes
agree in the point that for even significant propagation distances, basically the same population-
control mechanism is established in the atoms of the extended media, as for a single atom. The
explanation is that the initial preparation of the atoms in the medium in both cases corresponds to a
dark superposition of the ground states. This means that no excitation occurs in the atoms during the
interaction, which significantly reduces the back-action of the atoms on the laser field. On the other
hand, it has been shown that for a sufficiently intense laser pulse pair having constant frequencies in
Raman resonance with A-atoms, it is not indispensable that the atoms of the medium are initially
prepared in the dark state: the pulse-pair by itself renders a dark state through the interaction with
the atoms after propagation of some distance in the medium when the envelopes of the interacting

laser pulses become matched to each other [95-99]. In our work we analyzed the propagation of a FC
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pulse pair in an optically thick medium consisting of A-atoms in case of Raman-resonant coupling.
We addressed the question whether there is a matching effect for frequency-modulated laser-pulse
pairs? We were interested in investigating the physical mechanism of population dynamics in the
atoms of the optically thick media in the field of the pair of strong FC laser pulses.

This dissertation is organized as follows. In Chapter 1 we briefly summarize those elements of
quantum mechanics and quantum optics which will be applied throughout the work. In Section 1.1,
we overview the models and approximations which is used for describing the time evolution of the
inner quantum state of atoms interacting with quasi-resonant classical laser pulses. In Section 1.2
we introduce a semiclassical approach for describing the propagation of classical laser pulses in an
optically thick medium consisting of few-state atoms. In Section 1.3 we describe the adiabatic
approximation which we use for understanding the underlying physics of the proposed coherent
control schemes. Our results are presented in Chapters 2, 3 and 4.

In Chapter 2, we investigate the interaction of a tripod-atom with three FC laser pulses, two of
them in Raman resonance and the third one out of it. We propose to use this arrangement for, on one
hand, creating a coherent superposition of the ground states of the tripod-atom (Section 2.3) and,
on the other hand for writing and storage of classical phase information in the populations of the
ground states (Section 2.4). The effect of longitudinal and transverse decay processes are analyzed
for both schemes.

The coherent control of atoms using a combination of a FC and a constant-frequency pulse is
analyzed in Chapter 3. We consider two limiting cases. In Section 3.2, we present our numerical
results for the time evolution of the state of an atom interacting with a resonant constant-frequency
pulse and an FC pulse which frequency is swept through both one-photon and two photon resonance.
We show that this scheme is suitable for very robust creation of coherent superposition between one
of the ground states and the excited state of a A-atom. In the scheme presented in Section 3.3, the
frequency of the pulses are far detuned from the atomic transition frequencies. We show numerically
that by applying this scheme for 8Rb, a coherent superposition can established between two of its
Zeeman-sublevels.

We analyze the propagation of two Raman-resonant FC pulses in optically thick medium in
Chapter 4. We show by numerically integrating the Maxwell-Bloch equation that the pulse pair

become matched to each other in such a way that they can propagate in the medium without getting
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absorbed and they prepare the majority of the atoms in a certain superposition of the ground states.



Part 1

Theoretical Background
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Chapter 1

Interaction of atoms and quasi-resonant

laser fields

In this thesis, we study the interaction of atoms or atomic ensembles with electromagnetic fields.
We put the emphasis on the effect of the interaction on the inner states of the atoms and do not
take into consideration other degrees of freedom (e.g. mechanical motion). The atoms are coupled
to a limited number (one to three) of laser pulses. We assume that the frequency of the regarded
laser pulses are quasi-resonant with some selected atomic transition frequencies and are monotonicly
modulated in a small range (compared to the atomic transition frequency).

It is consistent with the quasi-resonant coupling to describe the atoms by simple quantum systems
of a few dimensions. The interaction of the atoms with the laser pulses are taken into account in a
semiclassical approach regarding the lasers as classical electric fields coupled to the atomic dipoles.
The time duration of the laser pulses is in the order of magnitude of the lifetime of the excited state
of the atoms, or smaller. However, the Fourier spectrum of the pulse envelope is narrow enough to
allow the application of the rotating wave approximation (RWA).

If the atoms form a spatially extended, optically thick ensemble, their back-action on the control-
ling electromagnetic field also have to be considered. The dynamics of the classical field is described
by the Maxwell equations, where the effect of the atoms can be included through the macroscopic
polarization. Consistently with the RWA, we use the slowly varying envelope approximation (SVEA)
to reduce the second-order wave equation to a first order differential equation.

The coupling of atoms by frequency-modulated lasers is a possible method for performing adia-
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batic control if proper parameters are used, which allows a relatively robust control of the atomic
states. These processes are suitable to be analyzed by the adiabatic approximation. In this frame the
physical mechanism can be understood based on the analysis of the eigenvalues and eigenvectors of
the interaction Hamiltonian, without solving the Schrodinger or the master equation for the atomic
state.

In this chapter, we present a short review of the above mentioned methods and approximations.
We also give a brief introduction to the methods of experimental generation of such frequency-

modulated laser pulses for which the assumptions of the theoretical investigations are true.

1.1 Interaction of an atom with quasi-resonant classical elec-

tromagnetic fields

1.1.1 Few-state atom models

The atom-field interaction schemes analyzed in this dissertation are best applicable to alkali atoms,
which possess only one valency electron. The interaction of these atoms with an electromagnetic
field having frequency in the optical range changes the state of this valency electron by transferring
it among the energy-eigenstates. We do not take the mechanical effects of the laser field into con-
sideration, so henceforth we identify the state of the atom by the state of the valency electron inside
the atom. The effect of the laser field on the atom is taken into account through the coupling of its

electric field to the atomic dipole moment operator d:
f]s:ﬁA+ﬁdipole:ﬁA—&~E(ro), (1.1)

where H 4 is the Hamiltonian of the non-interacting atom and E (ro) is the coupling electric field at
the position ry of the dipole. Note that this is a good approximation for coupling lasers in the optical
frequency range, since the typical atomic radius (0.3 — 3A) is less than 1/1000 of the wavelength of
visible light (400-700 nm), so the atom can be regarded pointlike. [100].

The atomic Hamiltonian H 4 has a discrete spectrum known for the real atoms from spectroscopic

experiments, which give a rather complicated level structure. However, for quasi-resonant coupling, a
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radical simplification can be made. Let us consider two energy levels |0) and |1) with energies of ¢y and
e1, respectively, interacting with a quasi-monochromatic field having carrier frequency w coincident
with the transition frequency connecting the two levels wy; = (€9 — e1) /h and moderate power. With
high probability [101], the transition process induced by the interaction takes place between these
two levels, provided that resonant frequencies of other transitions in the atom differ significantly
from the laser frequency. Thus, the interaction can be described in the 2-dimensional subspace[39],
spanned by {|0), |1)}, of the many dimensional Hilbert-space of atomic levels. Accordingly, from the

aspect of the interaction, the atom can be modeled as a ” two-state atom”, which is shown in Fig. 1.1.

0) €9
W =~ Wo1
€y — €1
e (¢) cos (wt) h
b €1

Figure 1.1: Level structure of a two-state atom model. The atomic transition is coupled by a laser
pulse with a frequency w nearly coincident with the transition frequency wp; connecting the excited
state |0) and ground state |1)

If the interacting electromagnetic field may induce transitions among several atomic levels with
finite probability, then the two-state atom has to be generalized to more complicated level structures.
In this work, we mostly consider atom models with one excited state (with finite lifetime) and two
or three ground states (metastable states with substantially longer lifetimes compared to the upper
state, thus regarded stable). Electric dipole transitions are only allowed between the excited state and
the ground states and forbidden among the ground states. Motivated by the shape of the coupling
schemes, these atom models are commonly called lambda (1.2(a)) and tripod (1.2(b)) atoms.

Therefore, the atomic state in the analyzed cases are described in a three or four dimensional

Hilbert-space as:

s () = 3 an (1) ), (1.2)

N
k=0

where N is the number of the ground states of the model atom. ay (f) is the probability amplitude

of state |k), whose time evolution is determined by the Hamiltonian Hg given in Eq. (1.1) via the

10
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[0)

Ly

(a) Lambda-atom (b) Tripod-atom

Figure 1.2: Level schemes of the atom models generally used in this dissertation. The dipole-allowed
transitions are signed by arrows, which occurs between the excited state |0) and the ground states
k), a.) k€ {1,2} and b.) k € {1,2,3}. The upper state has a finite lifetime, while the lifetime of
the lower states are approximated to be infinite.

Schrédinger-equation

ihdy| s (1)) = Hs|vs (t). (1.3)

The Hamiltonian and dipole moment operators for these model atoms reads as

(dok]0) (k| + H.c.), (1.4)

1

N N
Hy =) Twlk)(kl, d=
k=0 k=
where N has the value of 1 for a two-state atom, 2 for lambda- and 3 for tripod-atoms. Note that
H, is trivially diagonal in the basis of |k), k € {0...N} since these are energy eigenstates of the
atom, while d has only off-diagonal elements, as it has an odd parity being a vector-operator.

In the most of the discussed cases we analyze interaction between atoms and a limited number
of laser pulses in such a way that each atomic transition is coupled by a separate laser pulse. This
gives us more freedom to control the interaction since we are able to manipulate the coupling of
each transition independently by manipulating the parameters of the corresponding laser pulse. This
assumption is valid, on one hand, when the frequency difference of the transitions is large enough
that the probability that one laser pulse couples the other transition is negligible. For example, in
a ®Rb atom, a lambda-atom can be formed by the F' = 2 and F' = 3 hyperfine levels of the 525y,
orbit as ground states and the I’ = 4 hyperfine level of the 5*P3/, as excited state (for the level

structure see [102]). On the other hand, the separate coupling can be ensured via selection rules: a

11
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lambda-atom may be realized by an F = 1 — F’ = 0 transition in an atom interacting with two
laser pulses having circular o™ and o~ polarizations. For realizing a tripod structure, one have to
include an additional pulse with 7 polarization.

Consistently with these assumptions, the interacting radiation field can be described by the

following formula:

N

E (ZE, t) = Z gkzgk ([f, t) COS (Ekf - wkt - qbk (f, t)) . (15)

k=1

The interacting field is given by the sum of N modes, each of them is characterized by the €
polarization vector, wy, carrier frequency and ki, wave vector. However, we do not consider perfectly
monochromatic planar waves, but laser pulses with possible frequency modulation. These properties

can be taken into account an envelope & (#,t) and phase ¢y (Z,t) that change slowly in time and

! and the magnitude of the wavelength

space, on the timescale of the inverse carrier frequency w,
-1

. We use the exponential representation of the cosine function and, in parallel, we introduce

—

E,

complex envelopes which incorporate the slowly varying terms
EX) (Z,t) = &, (Z,t) exp [Fion (F,1)] . (1.6)

Using these complex envelopes, the electric field of the laser radiation reads as

E (x,t) = L Z €k <S,E+) (Z,t) exp {z <Ekf - wkt> } + c.c.). (1.7)

1.1.2 Interaction picture

For the analysis of the impact of the laser pulses on the atom, the values of the energies of the atomic
eigenstates are not needed. Therefore, it is convenient to transform to the interaction picture using
the

N

U _ 6—iIf1At/h _ Z €—i~ejt/h|j><j‘ (1.8)

J=0

12
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time-evolution operator, which transforms the state vector as

|r) = Utlyps) = ZAk (t) k), (1.9)

where Ay () = ay (t) €“/" is slowly varying for Vk € {0... N} and is determined by the Schwinger-

Tomonaga equation

hdy|r (1)) = Hyly (t)). (1.10)

Here H 7 is the interaction Hamiltonian

ﬁ] = UTﬁdipoleﬁ = -

NE

(dOkeWOktE|o><k| n H.c.), (1.11)

k=1

where the transition frequency between states |0) <+ |k) has been introduced as
wor = (€0 —ex) /A, ke {l,...N}, (1.12)

and we used the following expression for the dipole moment operator in interaction picture:

A ~

N
dy = UTdU =) [doe™*'|0) (k| + H.c.]. (1.13)
k=1

We substitute the formula given in (1.7) for the electric field into the Hamiltonian given in Eq. (1.11)
and we take into account the assumption that each of the allowed transitions are coupled by a

separate laser pulse, to obtain the following form for the interaction Hamiltonian:

—_

— iv: [dOk < (Z,t) exp{—1i(wr — wor) zf}weﬂ;’”E

l\D

& (2, 1) exp {i (wi + wor) t}e—iﬁkf) 10) (k| + H.c.] . (1.14)

13
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Using this Hamiltonian (Eq 1.14), the following equation of motion is derived for the probability

amplitudes of the state vector |¢;) in interaction picture:

. N

04y (1) = 2 3 (f7 (7, 8) 01T ) (3,1) et i) 4, (1 (1.15a)
k=1

0 (1) = 5 (O (7,0) e erment s 4 ) (7,0) 9 Ri7) Ay (1),

kef{l.. N}, (1.15h)

where the detuning between the wyy frequency of the transition |0) — |k) and the wy, carrier frequency

of the corresponding laser pulse has been defined as
O = Wi — Wok, (1.16)
and Rabi frequencies for each dipole-allowed transition were introduced as

+) :
Q) — M = 0y (7,1) 0 and 07 = (7)) (1.17)

which characterize the strength of the coupling. Here dy. denotes the matrix element of the atomic
dipole moment operator for the |0) — |k) transition, ¥ (Z,t) is the absolute value, ¢y (Z,t) is the

phase of the k' Rabi frequency.

1.1.3 The rotating wave approximation

As it was already mentioned, in our model we consider quasi-monochromatic laser pulses with carrier
frequencies quasi-resonant with the frequency of the transition coupled by them, having slowly vary-
ing envelope functions and moderate intensity. These properties are equivalent with the following

inequalities:

|0k | < wor & Wi & wok (1.18a)
0| < Juwor | 1.18h
k 0k S 2, (1.18b)
‘Q](f)’ < wor, Vke{l...N}. (1.18¢)

14
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If we take a closer look at Eq. (1.15) taking into account the inequalities (1.18) we can observe that
the time dependence of the probability amplitudes are determined by two terms changing in sharply
separable timescales. This allows us to neglect the terms containing the terms oscillating by the sum
frequencies wy + wor, as they average out on the timescale of the other, slowly varying term. This
approximation, i.e. neglecting the terms oscillating with the sum-frequencies wg + wy. is called the
rotating wave approzimation (RWA) [39].

In the frame of RWA, the interaction is characterized by the Hamiltonian

N

~ 1 .

Hpwa = —h {§Qk (t) e~ Okt=kr)| 0) (| 4- H.c.}. (1.19)
k=1

1.1.4 Phase transformations

It makes further calculations more convenient if we introduce a new basis on the atomic states using

the following transformation:

V= [ E k) (k|| +0)(0)]. (1.20)

k=1

The operator V defines basis vectors that follow the rotation of the coupling electric fields:
{10)y = (0), |k)y = Ry | ke {1,2,...n}}. (1.21)

The Hamiltonian in the new basis is given by (see A.1)

N

fy=-nY [—5k|k>v<k|v + (%ka(k!v + Hc)] | (1.22)

k=1

In the Hamiltonian (1.22) the frequency modulation of the interacting laser pulses is taken into
account through the time-dependent complex phase ¢y, (Z,t) of the Rabi frequencies (c.f. (1.17)). In

some investigations, it is advantageous to perform another basis transformation by introducing the
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operator

R=>_[e#FD|k)y(kly] + [0)(0]. (1.23)

k=1

This transformation incorporates the time-dependent part of the complex phase

o (T,1) = oi (7,1) + o0 (2) (1.24)

into the rotation of the basis vectors, that now reads as

{|o>, IB) = d# @Dk, | ke {1 ..N}}. (1.25)

The advantage of using this basis for describing the interaction is that the Hamiltonian only contains
time dependence in the real part of its elements, which is going to be beneficial when using the
adiabatic approximation (see 1.3). With introducing the time- (and, in general, space-) dependent

detuning
Ay (f,t) =0 + 0Py (f,t) = 0 + Oy px (f,t), (126)
we obtain the following formula for the Hamiltonian:
N
. - 1~ . .
Hr = —FLZ {—Ak (Z,t) |k) (k| + (§Qk (Z,t)10) (k| + Hc)} : (1.27)
with Qy (Z,1) = Qi (T, 1) 9@ = 9 (Z,¢) e ¢ @ (1.28)

being the Rabi frequency (see Eq. (1.17)), with the phase modulation in time ezcluded (since it is
already incorporated in the rotating basis vectors). Note that the Hamiltonians given in Eqgs. (1.22)
and (1.27) equivalently describe the same interaction. Which one should be used, depends on the

problem at hand.
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1.1.5 The classical Rabi-problem

An important example for the quasi-resonant atom-laser interaction consists of only a two-state atom
and one monochromatic laser pulse. This model, which is analytically solvable in RWA, is called
Rabi-model because it is analogous to the problem of a spin in an oscillating magnetic field analyzed
by Rabi [103]. We regard the atom in a fixed location & = Zy thus we do not need to deal with the
spatial dependence of the electric field.

The Hamiltonian (1.22) applied to this case (suppressing the subscript V) is given by the formula

Ty = —h [—5|1><1| + (%Q () [0y (1] + Hc)] | (1.29)

Here Q = & (t) dox/ R is the coupling strength. It slowly varies in the absolute value and has a constant
complex phase, which can always be set to zero in case of one transition. ¢ is the detuning between
the atomic transition frequency and the laser’s carrier frequency.

We can describe the state of the atom as

¢ (1)) = Ao () 0) + Ay (2) [1). (1.30)

The time evolution of the probability amplitudes is determined by the Schrédinger equation (c.f. (1.10)):

i

010 (1) = 20.(1) A1 (1) (1.31a)
O A () = i %Q(t) Ao (8) — 64, (1)) (1.31D)

As an initial condition we take all the population to be in the ground state: Ay (0) = 0 and

Ay (0) = 1. Eliminating A; (¢) from Eq. (1.31), we obtain the following second-order differential

17
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equation with initial conditions:

O Ay (1) + 16 Ay (£) + %92 (£) Ao (t) = 0 (1.322)
Ay (0)=0 (1.32b)
D Ag (0) — gn (0). (1.32¢)

For time-independent coupling (€2 (¢) = €2), the differential equation in (1.32) is easy to solve. Taking

the initial conditions also into account, the solution is (see e.g. [104])

Ag(t) = ik it iy (Qrt/2) (1.33a)
Qp
A (t) = e7ot/2 cos(QRt/Q)H'Qism(QRt/z) : (1.33Db)
R

where Qr = V62 4+ Q2. It is customary to refer to this quantity as ”the generalized Rabi frequency”.
Note that at resonance, it coincides with the Rabi frequency defined in Eq. (1.17). The probabilitiy

that the atom is in the excited state |0) or in the ground state |1) are given by

Q2
Po (t) = ’Ao (t)’z = W [1 — COS (Q]ﬂf)] (134&)
R
B s QR +0%
Pr (1) = |4 (O = =505+ 57 cos (), (1.34b)

thus there is an oscillation between the ground and the excited state with a frequency of €2y, see
Fig. 1.3. For a resonant case, namely 6 = 0, a complete population inversion occurs for 2t =
(20l + 1)7r, | € Z. This means that a resonant laser ”pulse” which has a steady Rabi frequency
between t; and t5 induces a population inversion if 8 = Qg (to — t;) = (21 4+ 1)7. Notice that in case
of such a pulse, it is the pulse area that determines the transition induced by the pulse. Motivated

by this, let us introduce the pulse envelope area for pulses with time-dependent Rabi frequencies as

e(t):/t Q(t') dt'. (1.35)

Based on Eq. (1.33), we can guess the solution for the differential equations (1.31) for resonant
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Figure 1.3: The population of the excited state |0) as a function of Qt for different detunings. The
probability that the atom is in the excited state oscillates in 2t. The frequency and the amplitude
of this oscillation changes with the detuning according to Eq. (1.34a).

coupling (i.e. 6 = 0). By substituting this pulse envelope area function in the place of Qt, we obtain

Ao (1) = agsin Ee (t)} + ay cos Ee (t)} (1.36a)

1 1
Al (t) = —aq sin |:§9 (t):| -+ ag cos |:§9 (t):| N (136]:))
which can be easily proved to be a solution by substituting into Eq. (1.31).

1.1.6 Interaction with the environment: master equation

So far, we have considered the interaction of the laser pulses with a motionless atom as a closed
system. In this frame we regarded atomic levels with an infinite lifetime. This approach may be a
good approximation if the interaction of the atom with the resonant laser field occurs in a shorter
timescale than any other interactions with the environment. These interactions manifest themselves
as relaxation processes. On one hand, there is spontaneous decay from the excited state of the
atom (longitudinal relaxation). On the other hand, interactions such as collisions in a gas or phonon
scattering in a solid can disturb the dipole oscillations of the resonant atom without disturbing its
energy, but causing a decay of the coherences (transverse relaxations). Let us consider for example a
cold atomic gas of Rb atoms. The spontaneous decay time is of the order of 27ns, while the transverse
relaxation time may change in wide range of values depending on experimental parameters such as
the atomic density or the temperature of the atomic cloud.

In this work, these mechanisms are taken into account in a phenomenological way. Namely, we
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use the master equation for describing the atom-laser interaction in which the relaxation processes
are represented by decay rates. The time evolution of the atomic state, described by the density

matrix operator p, is given by
0p = — [ Fv.] +1ie (5). (1.37)

where [105]

Ur (p) = — (Z Fk) pool0) (0] + > [Tkpoolk) (k| — (Yorpor|0) (k| + Hoc.)]+

k=1

> (wpwlk) (1] + He). (1.38)
T

Here (pr; = (k|p|l)) is the matrix element of the density operator in the basis defined in Eq. (1.21). We
have neglected the spontaneous decay from the excited state out of the considered N + 1 dimensional
Hilbert space. The longitudinal decay rate from the excited state |0) towards state |k), k€ {1...N}

is given by I'j, the relaxation rates of the coherences is denoted by 75, 4,7 € {0,... N}, where

1 1
= §Zrik+§zrjl+7£jv (1.39)
k=1 I=1

7i; being the relaxation rate due to dephasing processes. Substituting the formula for the Hamiltonian

given in Eq. (1.22) into the expression in (1.37), the following set of differential equations is obtained:

N
i
Oy poo = 3 ; (Qpro — Qpok) (Z Fk) P00 (1.40a)
7
8tpkk = 5 (QZPOk — Qkpko) + Trpoo VEk € {1, 2,.. n} (140b)
Opor = 1 Y 1lelk + dppor — lﬁkpoo — Yok Pok (1.40c)
Py 2 2
Oipr = 1 [ (0k = 61) pra + 5 (Qkﬂm - Qzﬂko)} — YelPkl» (1.40d)

where Vk,l € {1,...N}.
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1.1.7 Scope of the model

In this section we have presented the mathematical formalism to describe the interaction between a
limited number of laser pulses with atoms at a certain fixed location. Let us overview the conditions

upon which the formalism is valid.

The wavelength of the electromagnetic field is much longer than the atomic size.

The interacting electromagnetic field consists of laser pulses. These pulses have a carrier fre-
quency quasi-resonant with the transition frequencies of the atomic transitions coupled by them

and an envelope function which may change slowly in space and time.

The coupling strengths, expressed by the Rabi frequencies, are small compared to the atomic

transition frequency.

Each atomic transition is separately coupled by one laser pulse.

If the timescale of the interaction is shorter than the relaxation processes in the system, they can be
neglected. In this case, the atomic state can be described by the wave function and the Schrédinger
equation (1.15) determines its time dependence. If the interaction time is comparable or longer
than the relaxation times (both longitudinal and transverse), the time evolution of the atomic state,

represented by the density matrix operator, follows the master equation (1.40).

1.2 Interaction of laser pulses with optically thick medium

So far, we considered the atom-laser interaction from the point of view of the atoms. The Hamil-
tonian (1.22) gives the impact of the electromagnetic field on an atom in a fixed & space location.
In this approach the laser fields can be regarded as externally given. However, when our aim is to
describe the atom-laser interaction in a spatially extended ensemble of atoms, the dynamics of the
fields also have to be taken into account. That is, the propagation of the laser pulses is needed to be

described along with the possible back-action of the atoms on them.
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1.2.1 Evolution of the classical laser field in the medium of atoms

We consider the propagation of N laser pulses, given by the electric field in (1.7), in an ensemble
of identical (N 4 1)-level atoms, presented in Sec. 1.1. We assume that all the pulses propagate in
the same direction, for example, along the z-axis. We also suppose that the conditions of using the
Hamiltonian (1.22), summarized in subsec. 1.1.7, are fulfilled.

Continuing the semiclassical approach that we followed in the description of the atomic state, we

use the classical Maxwell-equation for determining the evolution of the electromagnetic field:

—

7 e
(V —a(ct)z)E(x,t)—,uoatZP( ). (1.41)

Here P denotes the macroscopic polarization, which represents the impact of the atoms on the laser

field
P (x,t) zNTr{ﬁ(x,t)El}. (1.42)

Here d is dipole moment operator. p(x,t) is defined as the average of the density operators of the

atoms located in a small segment [z, x 4 dx] of the medium:

z| -

p(z,t) =

N
> ). (1.43)

with N atoms in a segment. We have previously assumed that each dipole-allowed transition is
separately coupled by one corresponding pulse. Consequently, an independent differential equation

describes the evolution of the electric field
EN) (1) emint=ho) 4 e e, (1.44)

of each pulse, with the following macroscopic polarization as a source:

Pk (l’, t) _ N (Pko ez(wktfkkx) efuu(]kt . dOk eMOkt + Dok efz(wktfkk:r) euu()kt . dOk efuu()kt)

N | —

(PEP (1) e tertmben) 4 PO (g, elnihin)) (1,45
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where p;; = v(i|p (z,t) |j)y is the matrix element of the density operator in the basis (1.21).

1.2.2 Slowly varying envelope approximation (SVEA)

When describing the electric field with the formula given in Eq. (1.5), we have already made the
assumption that the envelope Elzt (x,t) changes slowly in time and space compared to the inverse

laser frequency w, ' and the inverse of absolute value of the wave vector |/<;],;1, that is

V2EE| < |k VE] (1.46a)

76| < |wrOEF|, Vke{l...N}. (1.46b)

On the other hand, the condition for using RWA is the characteristic time of the interaction being
significantly longer than w; '. Consequently, the density matrix elements p;; and thus the envelope

of the macroscopic polarization P,gi) vary also slowly in time, namely
7Py | < |wok® Py |, Vke{l...N}. (1.47)

It follows from these assumptions, that the terms of the laser field (1.44) and the polarization vec-
tor (1.42) oscillating with wy and —wj, have to satisfy separately the Maxwell equation (1.41). Sub-
stituting the expressions in Eqs. (1.44) and (1.42) into Eq. (1.41), we obtain the following expressions
for the terms oscillating with positive frequency (E,(CJF) and P,iﬂ ) in the left (1.48a) and right (1.48b)

side, respectively:

(V2 - 82,) E;Y = {[(W + 20k V — [k *) — 72 (87 — 2000, — )] e:g*)} ¢ @rt=hi) (] 48a)

0
aabh | = {(02 — 28y — w?) P(+)} ¢t —huz), (1.48b)

The second order Maxwell equation (1.48) can be reduced to a first order differential equation if we

take into account the conditions given in (1.46b) and (1.47) and only keep the leading terms:

iftowy,

2 [k|

(V4 0ey) £ = o1 Py 7. (1.49)

23



CHAPTER 1. INTERACTION OF ATOMS AND QUASI-RESONANT LASER FIELDS

Using the definitions for the Rabi frequency (1.17) and the macroscopic polarization (1.42) we can get
an equation analogous with Eq. (1.49) for the quantities which appear in the master equation (1.40):

o)  prowic |dor |
(V + m) Qp (z,t) = ZTNPOk (z,t), ke{l,2,...n}. (1.50)

Here pio (z,t) is determined by averaging the results of the master equations (1.40) which describe the
state of the atoms in the space segment [z, z + dx] interacting with laser pulses having Qy (z,t), k €

{1...N} as Rabi frequencies.

1.3 Adiabatic control of atoms

The simplest case of quasi-resonant interaction of an atom with a laser field was presented in 1.1.5.
We have seen that the population transfer process in the atom induced by the laser field is mostly
determined by two parameters of the interaction. On one hand, complete population transfer is only
possible in resonance. On the other hand, the amount of the population transferred between the
states depends on the pulse area (integral of the pulse’s Rabi frequency over time). These properties
of the process represent serious limitations in experimental situations, when the goal is to control
the inner states of the atoms by the laser pulse. However, if the parameters of the interaction are
changed very slowly (adiabatically), a more robust control can be achieved (see for example [40-42]
and references therein).

In this section we overview the theory of adiabatic processes based on [106] and present the most

common examples of coherent control based on adiabatic passage.

1.3.1 The adiabatic approximation

The essence of an adiabatic process is that a gradual change occurs in the external conditions of the
system. In atom-laser interaction this may be realized by very slowly changing the parameters of the
interacting laser field(s) in time. Therefore the H (R(¢)) Hamiltonian which describes the interaction

will change very slowly in time through the parameter R (¢). The state vector |1 (t)) of the system
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satisfies the Schrodinger equation

|y (1)) = H (R (1)) [¢ (1)), (1.51)
The Hamiltonian has instantaneous eigenvectors |v; (R)), which satisfy the characteristic equation
H(R) |v; (R)) = A; (R) |v; (R)). (1.52)
We can represent the general solution of Eq. (1.51) in the basis of the instantaneous eigenvectors as
[ (8) =D 7y (1) @Oy (R(2))), (1.53)
J
where the so-called dynamic phase has been introduced:

a; (¢) :—% / A (R (7)) dr. (1.54)

The adiabatic theorem states that if R (t) varies sufficiently slowly and the system is prepared
in the initial state |v; (R (0))), then the time-dependent state vector remains in |v; (R (t))), apart
from a phase factor. Namely, in the adiabatic regime of the interaction r; (¢) = r; (—o0) in the
representation of the state vector in (1.53).

Let us give a deeper insight to this statement which refers to the scope of this approximation as

well. Using the representation given in Eq. (1.53), the Schrodinger equation (1.51) leads to

Z [fjéﬂj |?)j> + T‘j@iaj |U]>] = 0, (155)

J
where the indication of the time dependence is suppressed and dot denotes derivation with respect

to time. With the differentiation of the characteristic equation follows that
Hlvj) + Hog) = Ajlvg) + Asloy). (1.56)

Taking the inner product of (1.55) and (1.56) with another instantaneous eigenvector, (vg| =
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(vg (R (1))], and substituting the result of the latter operation into the former one, we obtain

= D€ g g O = X)) (k£ 3). (1.57)

J

Now let us suppose that the initial state coincides with one of the instantaneous eigenvectors,

14 (0)) = |v; (R (0))), so that r; (0) = 1 and rj (0) = 0 for k # j. Then, from Eq. (1.57) follows that
iy, ~ el (g | H ) (A — A) 7" (1.58)

For an adiabatic process, the time dependences of (vy|H|v;) and (A, — \;) are slow, thus we can have
the following estimation for the probability amplitude of an eigenstate |v;) where the system was not
prepared initially, by using exp {i(o; — o)} = exp {i (A — A;) t/h}:

re (1) ~ _Z-h<Uk|H|Uj> [ez'(,\r,\j) . 1}

1.59
e , (1.59)

which is small provided that the rate of variation of H (R (t)) is slow compared to the difference of

the eigenenergies in any ¢ points:

A — A

< )
h

[ONET (1.60)

which can be regarded the applicability condition of the adiabatic approximation. An analogous,

more easily applicable form of this requirement only contains the eigenvectors and eigenvalues [107]:

[(Okfvj)] < [Ak = A4l (1.61)

1.3.2 Stimulated Raman adiabatic passage (STIRAP)

Stimulated Raman adiabatic passage is an adiabatic process commonly used in coherent control of
atomic inner states (see e.g. the review papers [40-42] and the other references mentioned in the
Introduction). Generally, the aim of the control in case of STIRAP is to achieve complete population
transfer among the ground states, avoiding excitation of the atom. The transfer process is achieved

by adiabatically tuning the coupling strengths of the dipole-allowed transitions.
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The classical arrangement of STIRAP is presented in Fig. 1.4(a), a A-atom (see 1.2(a)) interacts
with two laser pulses. The two coupling pulses (usually called Stokes and pump pulses) have constant
frequencies which are equally detuned from the corresponding transition frequencies, that is they are
in Raman resonance (this is an essential condition). The atom is initially prepared in one of the
ground states, for example, in state |1), which is coupled to the excited state |0) by the pump pulse
(€2,). The initially empty ground state (state |2) in our case) is coupled by the Stokes pulse Qg. The
coupling laser pulses are time-shifted with respect to each other in a so-called counter-intuitive order,
which means that atom is exposed first to the Stokes-pulse and, after a while, to the pump pulse

(see Fig. 1.4(b)). It is important, however, that the two pulses have a significant overlap. Applying

pump pulse

€, (1)

Stokes pulse
Qs (1)

T T

L time [a.u.] ty

(a) (b)

Figure 1.4: a.) Classical arrangement of stimulated Raman adiabatic passage. The two ground states
|1) and |2) are separately coupled by the pump and Stokes pulses, which are in Raman resonance.
b.) Counter-intuitive order of the overlapping Stokes and pump pulses. The Stokes pulse {25, which
couples the initially unpopulated ground state to the excited state |0) comes first, followed by the
pump pulse €2,,.

the Hamiltonian given in Eq. (1.22) for our case, we obtain the following expression:
- Q, Qs
Hsrmar = —h | =A (1L +[2)(2]) + =7 (10)(1] + Hee.) + == (J0)(2] + He) |, (1.62)

where A = w, —wp = wg — wpz (cf. Eq. (1.16)).

The eigenvectors (often referred to as ”dressed states”) of Hamiltonian (1.62) are

la™) = cos ®|0) + sin © sin ®|1) + cos O sin P|2) (1.63a)
la”) = —sin ®|0) + sin © cos ®|1) + cos O cos P|2) (1.63Db)
la") = cos O|1) + sin ©2), (1.63c)
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where ® is some function of the Rabi frequencies and detunings which is not relevant in this discussion

and the mixing angle © () is defined by

tan @ (t) = (1.64)

The dressed state |a") evolves in a subspace which is perpendicular to the excited state |0), thus it can
be applied for transferring the population from the ground state |1) to |2). Egs. (1.63c) and (1.64)
reveal how this is possible. For counter-intuitive order of the pulses (see Fig. 1.4(a)), the mixing
angle, which is the adiabatic parameter here, slowly changes between © (¢;) = 0 to O (t) = /2.
Consequently, |ag) coincides with |1) in the beginning, and with |2) at the end of the interaction.
Thus, the required population transfer is achieved provided that the process is adiabatic, for which

the criterion (based on Eq. (1.61)) is formulated as

Q0 — 0,0 L
A A ke AT\ 1.
S < | : (1.65)
where
1
XE= o (—A £\ A2+ 024 Q?g> (1.66a)
M= —A (1.66b)

are the eigenenergies corresponding to the eigenvectors (1.63).
The expression in Eq. (1.63c) gives a recipe for creating coherent superposition between the
ground state, too. If the two coupling pulses vanish simultaneously, in such a way that

Q, (t

i ae = tan a, (1.67)

then the system evolves along the adiabatic state |a°) into cosa|l) + sina|2) (fractional STIRAP,

[55]). That is, the created superposition is determined by the proportion of the trailing edges.
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1.3.3 Frequency-chirped (FC) laser pulses

In this dissertation, we concentrate on the interaction of atoms with laser pulses having monotonic
modulation in their frequencies (see Fig. 1.5). This represents another possibility for performing
adiabatic control. In this case, the adiabatic process is governed by the slowly changing detunings
between the frequencies of the coupling laser(s) and the corresponding atomic transition(s).

In order to demonstrate the main population control mechanism which is made possible by using
frequency-chirped laser pulses, we analyze here the simplest case of a two-state atom coupled by one

chirped laser pulse. This interaction can be described by the Hamiltonian (c.f. Eq (1.27))

N 0 100
My (1) = =R [592(8) (J1)(0] + 10)(1]) — A (1) [1){1] = —F : (1.68)
L@t —A()

2

where (1 O)T was assigned to the excited state |0) whose energy is used as reference energy level
and (0 1)" to the ground state |1) dressed with the time-varying detuning A (¢) (Eq. (1.26)) which
incorporates the frequency-modulation.  (#) here denotes the Rabi frequency!, which can be here
assumed to be real without loss of generality. Note that only time dependences are need to be
indicated since we regard the interaction in a fixed location. We assume that the system changes
adiabatically and thus we use the adiabatic states for the analysis. The eigenstates of the Hamiltonian

hi .
Hy"P are given by

+ Ny

T
lug) = (_pwi /20 L) (1.69)

N, = \/2\/1 + p? (1) [\/1 +p2(t) £p(t)],

where the parameter p(t) = A (t) /Q(t) was used. The energies of these adiabatic states are the

eigenvalues of the Hamiltonian:

Ay (t) =

% INOERVINGERTY (t)Q} . (1.70)

!To be more precise, it is the real part of the Rabi frequency defined in Eq. (1.17). However, in this context we will
refer to it as Rabi frequency, as the time evolution of the complex part ¢ has been taken care of by the time-changing
detuning.
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(a) (b)

Figure 1.5: a.) Schematic of the two-state atom. The detuning A (¢) of the interacting laser pulse
from the transition frequency monotonicly changes in time b.) Time dependence of the Rabi fre-
quency €2 (¢) and the detuning A (¢). The frequency of the field starts below and ends up above
resonance during the interaction. The strength of the electric field of the laser pulse is plotted with
a black dotted line.

The specific form of the frequency modulation is not important so long as it varies slowly and the
frequency is monotonicly swept through resonance with a large negative to a large positive value of
detuning. (In this context, "large” is meant compared to the Rabi frequency, we still remain in the
closely resonant regime so the detuning is significantly smaller than the atomic transition frequency.)

This behavior implies that lim; 4., p () = £oo, which gives the following asymptotic behavior of

the adiabatic states:

dim_[o,) = [1) lim fu)) = o) (L.71a)
i _[o_) = [0) lim Jo_) = [1), (L.71b)

that is, the adiabatic states coincide with the diabatic states in the beginning and at the end of the
interaction with the laser pulses, where we refer to the eigenstates of the non-interaction Hamiltonian
as “diabatic states”. Naturally this is also true for the eigenenergies (see Fig. 1.6(a)). The adiabatic
energies approach the diabatic energies (which are the eigenvalues of the non-interaction Hamiltonian
and therefor given by the diagonal elements of the Hamiltonian H;hirp) at early and later times, but
the presence of the coupling €2 (¢) prevents their intersection. Namely, the adiabatic energies have

an avoided crossing.

In consequence, if the system is prepared in, for example, the ground state |1), it evolves along
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3R
g HI™ \ .
% 1 + =
-~ o
2o g=
b
B 0f s g e =
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Figure 1.6: a.) Eigenvalues of the Hamiltonian HS"™. The o and i, energies of the diabatic states
|0) and |1) are plotted with black dashed lines, the adiabatic eigenenergies are indicated with solid
lines. Because of the interaction, the energies of the adiabatic states have an avoided crossing. b.)
Time evolution of the populations of the states |0) (red) and |1) (blue) when the system follows the
adiabatic state |vy). A complete transfer is induced between the ground and the excited state. The
functions Q (t) = 3exp (—t?) and A (t) = t were used for calculation.

the adiabatic eigenstate |v,), end eventually ends up in the excited state |0). Thus, the frequency
modulated laser pulse has induced complete population transfer (see Fig. 1.6(b)). Note that this
mechanism does not depend on the direction of the chirp, adiabatic passage takes place for both
O:A(t) > 0 and 0,A (t) < 0. Furthermore, the population transfer process is not too sensitive to
the resonance conditions: the detuning between the carrier frequency of the laser and the atomic
transition frequency may vary in a range which is swept through by the frequency-chirp. Thus,

the control by a FC pulse can be established in the presence of inhomogeneous broadening, which

represents and advantage compared with the other control schemes.

Adiabaticity condition for linearly chirped laser pulses

The analysis of the system in the frame of adiabatic following is a good approximation only if the
condition of adiabaticity is fulfilled. In our case this condition can be formulated as follows (after

substituting into the expression given in Eq. (1.61)):

3/2

% 0,0 () A (1) — Q1) BA ()] < [02 (1) + A ()] (1.72)
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In the dissertation, we deal with the laser pulses which have Gaussian time dependence in their

envelopes and linear chirp in their frequencies, namely
2
Q(t) =vexp (——) and A (t) = St. (1.73)

Here 1 is the peak amplitude of the Rabi frequency, t, indicates the length of the interaction time
and [ is the rate of the frequency-modulation, often referred to as the ”"speed of chirp”. Substituting

these formulas into Eq. (1.72) we obtain

1 2 t2 2 3/2
¢ % (t_2 + 1) 98| < (52162 + 9% t%) (1.74)

The left side of the inequality has the maximum value of f49/\/e at t = +t,. If |0] < |t, 0], then the
expression in the right side has a global minimum at ¢ = 0 with a value of ¥2. Thus, we can say that

the process is adiabatic if the following requirements are fulfilled?:

% <1 (1.76a)
t, > g‘ (1.76D)

1.4 Experimental generation of FC pulses

The theoretical work presented in this thesis is motivated by the experiments on the interaction

between FC pulses and cold atoms conducted in our group [81, 82, 108]. In this section we give a few

+2

2\ 3/2
2The condition (1.76b) is not strict. If |§| > |t, 3|, the expression (ﬁ2t2 + 192 e_¥> has two global minima
_ 27 (12 32 ; 37,-1 3/2 — 92/ (4232
at t = +t,/In[02/ (t25%)], with the value of 9% [~ (1 +1Inp)]™", where p = 92/ (t23?) > 1 parameter has been
introduced. That is, if 4 ~ 1, the global minima of the difference of the eigenvalues are still in the order of #® and

consequently the inequality in (1.76a) is still a good condition for adiabaticity. In the context of this investigation,
the expression p ~ 1 may be interpreted as p < 1+ |3] /92, which gives a condition for the interaction length (which

is slightly weaker than the one in (1.76b)):
9 1
te > |54 5775 1.75
‘ﬁ‘\/HIBI/W (175)
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examples of the experimental techniques which are capable of creating FC pulses with the required
intensity, chirp and pulse length to fulfill the adiabaticity conditions given by Eq. (1.76).

Unlike femtosecond pulses, where the chirp can be generated using passive elements such as
gratings or a prism pair [72, 109], an active optical element is needed for creating chirped pulses with
a length of at least a few nanoseconds. In the following we outline two, principally different methods,

used to create chirped pulses relevant to this work [81, 82, 108].

1.4.1 FC pulse generation by current modulation and subsequent pulse
shaping

Figure 1.7 is a schematic of a method first proposed by Nebenzahl and Széke [110], in which frequency
modulated light is generated by mixing a sinusoidal modulation of a few tens of MHz on the drive
current of a free-running semiconductor laser diode. The modulated laser diode current produces
continuous laser radiation with sinusoidal modulation both in the frequency and intensity. To form

a pulse the modulated light is injected into a Fabri-Perot (FP) cavity.

/\/\/\/ i modulated Fabri-Perot | chirped
diode laser |=—— Sulses
current continuous resonator pulses
modulation light

Figure 1.7: Schematic of the generation of chirped pulses using frequency modulated continuous light
that is pulse shaped with a Fabri-Perot resonator.

In the case of a frequency modulation which exceeds the linewidth of the resonator, pulses are cut
from the continuous laser radiation since only the light which is within the linewidth of the cavity
will be transmitted. Fig. 1.8 is a plot of the intensity and frequency of a CP created by the FP
method. As the sinusoidally modulated frequency sweeps through the transmission window of the
cavity within one period, two light pulses are produced in one cycle. However, due to the fact that
the intensity modulation of the light introduced by the current modulation of the laser diode has a 7
phase delay with respect to the frequency modulation, the second pulse coming out of the FP cavity
is significantly weaker.

For the particular pulses used in [81], the cavity was tuned to resonance with the |525 /5, F' = 3)
to |5%Psje, F' = 4) transition in **Rb. The finesse and the pass-band of the resonator were 10 and

500 MHz, respectively.
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Figure 1.8: Chirped pulses generated by the Fabry-Perot resonator [108]. The frequency and intensity
of the continuous light emitted from the diode laser are plotted in purple and green, respectively.
The black dots visualize measurement data of the radiation after the FP cavity, while the red line is
a fitting function calculated from the Airy transmission function of the cavity.

By using a current modulation of 16.6MHz, laser pulses with a duration of approximately ¢, = 5ns
were tailored with an average chirp rate of 5 = 30MHz/ns, where the center frequency of the laser
was set to the same frequency as the resonator. The peak power transmitted by the resonator

2 corresponding to an estimated peak

was I = 20mW over a pulse cross-section area A = 0.5mm
Rabi-frequency of 6§ ~ 1.32GHz [111].

Substituting these parameters in the inequalities imposing the restriction on adiabaticity, we get:

o} 30MHz/ns

DO SOV g7 < 1.

# = (oM T (1.77)
6 1320MHz

2 s < . 1.

37 30MHz/ms ST (1.78)

Consequently, the pulses with these parameters may be used for inducing an adiabatic passage.
Note that the above described method, suitable for creating FC pulses that fulfill the conditions of
adiabaticity, suffers however from drawbacks following from the characteristics of the pulse tailoring.
First, two pulses are created instead of one, which may cause complications in the analysis of exper-
imental data. Second, the time function of the frequency modulation is determined by the relation
of the center frequency of the laser radiation and the resonance frequency of the FP resonator. If
there is difference between the two, the pulse is created from a part of the sinusoidal cycle. Therefore

it is complicated to change the central frequency of the incoming laser field. It may therefore be
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advantageous to use a different method for the pulse tailoring, such as a Mach-Zehnder type intensity

modulator described in the following section.

1.4.2 Creation of FC pulses by a Mach-Zehnder-type intensity modula-

tor

Using a Mach-Zehnder based intensity modulator is a possible alternative for chirped pulse genera-
tion [108, 112]. The schematic of the principle of the device is presented in Fig. 1.9. The continuous
laser radiation enters a Mach-Zehnder interferometer in which a nonlinear crystal (Lithium-Niobate

for example) is placed in each arm of the interferometer.

—~
’,
. chirped
1V (t) + oo < — p
L’ pulses
’/
. 2
continuous P
’

constant frequency—> —* 12V (t) + voz
laser radiation -

Figure 1.9: Schematic of the principle of the Mach-Zehnder-type intensity modulator. Two nonlinear
crystals are placed in the two arms of a Mach-Zehnder interferometer, which are driven by an outer
voltage V (t).

Each crystal can be interdependently driven by an external voltage, which causes a change in the
optical path length according to the voltage V(). As a result, assuming that the input field is split

without loss between the two arms, the output field is given by [112]:
E(t) = =FEo | eilwott V() +eo1) | 6i(w0t+’72'V(t)+9002)} : (1.79)

where v, and -, are the voltage-to-phase coefficients for the two arms, and wy is the frequency of
the ingoing laser light. ¢, and ¢g are the static phases of each arm of which the difference can be
controlled by a bias dc voltage. The ratio of the output power to the input power is determined by

the phase difference of the two arms according to

P(t)/ Py = cos (Ap(t), with Ap(t) = [(mV (1) + por) = (72V (1) + ¢o2)] - (1.80)
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The time-dependent frequency is given by the derivative of the output phase:

wlt) = B[NV () + o) — (V1) + )] = 2 (1 +7) BV (1) (1.81)

It follows from the above formulae that the time-characteristic of both the intensity and the
frequency of the output light is controlled by the time shape of the controlling voltage V(). Using this
peculiarity, laser pulses of a few nanosecond duration and almost monotonic frequency modulation
have been generated [108]. Fig. 1.10 is a plot of the intensity and frequency of a CP pulse created
with the Mach-Zehnder method. The main restraint of this method is clearly seen in this figure.

120 Characteristics of the chirped pulse from the modulator
T T T T

Light pulse [diode response, mV]
Frequency [MHz]

J-150

7 . . |
46 48 50 52
time [ns]

Figure 1.10: Time evolution of the intensity (rhombuses) and frequency (triangle) of the pulses
generated by a Mach-Zehnder intensity modulator [108§]

Namely, as the time function of the frequency of the pulse is given by the derivative of the pulse

shape, it is challenging to guarantee the monotony of the chirp during the whole pulse duration.
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Chapter 2

Adiabatic control of tripod-atoms by

three FC pulses

Selective population transfer is an important problem of quantum optics which has been widely
investigated and applied in the last two decades. The main goal is to begin with an atom (or
any quantum system can be modelled by a discrete, few dimensional level structure) prepared in
a specified inner quantum state and, using a certain combination of external laser pulses, force its
internal state into a desired target state.

Among these, interaction schemes based on adiabatic passage (see Sec. 1.3) represent a consid-
erable group. The reason is that they allow efficient control along with relative robustness against
small-to-moderate variations in certain parameters of the coupling field, which is advantageous in
experimental situations. Adiabatic control (AC) can be achieved by very slowly tuning a certain pa-
rameter of the interaction. As we have already seen through some simple examples (in subsecs 1.3.2
and 1.3.3), there are different kinds of AC schemes depending on which parameter is changed in time.

One of the possibilities of performing AC is to apply FC pulses in the atom-laser interaction. The
simplest case of a two-state atom controlled by one FC pulse (see in subsec. 1.3.3) has already been
generalized to solve different population-control problems.

Two, substantially different schemes were investigated in A-atoms. In [73, 75] both transitions
of the atom are coupled by separate FC pulses in Raman resonance, that is, the detunings between
the pulses’ frequencies and the corresponding transition frequencies are the same. As a result of the

interaction a coherent superposition of the three (i.e. ground and ezcited) states is created. The
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13)

Figure 2.1: Coherent control schemes using one or two FC laser pulses to couple the allowed transition
of an atom having A (a. and b. ) and tripod (c.) structure. a.) Two Raman-resonant pulses
separately interact with the atomic transitions, [73, 75]. b.) Both transitions, having different
frequencies, are driven by a single FC pulse, [74, 77]. c.) All the transitions interact with the same
FC pulse. States |1) and |3) are quasi-degenerate levels, whereas the energy difference Awys is large
compared to the frequency width of the light pulse (without chirp), [78].

proportion of the probabity amplitudes is shown to be controlled by the difference of the initial phases
of the pulses (referred to as "relative phase”). This property can be understood based on the fact
that a ”"bright” and ”dark” superposition of the ground states are created by the Raman-resonant
pulse pair. The composition of the superpositions depends on the relative phase. Now the ”dark”
superposition is uncoupled from the light so remains unaffected by the interaction, while the bright
superposition if transferred into the excited state, like in a two-state atom. However, because of the
sponaneous decay, the lifetime of the created superposition is restricted by the lifetime of the excited
state which may restrain the applicability of the scheme.

On the other hand, in the schemes presented in [74, 77| both ground states of different energies
are coupled by a single FC pulse. Thus, in contrast with the previous scheme, the detuning of the
pulse from the frequency of the separate transitions is different. Note that this scheme is analogous
of a A-atom whose transitions are separately coupled by two FC-pulses out of Raman resonance. In
this case, as it was shown, the population initially trapped in one ground state is driven into the other
ground state by the interaction. Although complete population trapping in the ground states does
not occur like in the STTRAP-scheme (see 1.3.2), the excitation of the atom may be suppressed to be
almost negligible via quantum interference. It is worth noting that, contrary to the two-state case,
the result of the population transfer depends strongly on the direction of the frequency-modulation.

The latter scheme in the A-atom was further generalized to a tripod-structured atom interacting

with a single FC-pulse, which couples all the ground states to the excited state. The atom was
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assumed to have a special level-structure with two near-degenerate ground states and the third
ground state with a large energy difference from the energy of the former ones. Here, two dipole-
allowed atomic transitions are coupled in a Raman-resonant and the third one in a Raman-detuned
way. As a result, a dark and bright superposition is formed from the former two states, similarly to the
case of the A-scheme mentioned first. The population of the bright state is transferred into the third,
Raman-detuned ground states, likewise in the second A-scheme. As a result, coherent superposition
is established among the ground states of the tripod-atom without significant excitation of the atom.
The drawback of the scheme is that the superposition is also determined by properties of the atom
before the interaction.

One possible application of the coherent control of atoms is the storage and processing of optical
(classical and quantum) information. There are numerous methods which are based on electromag-
netically induced transparency (EIT), see [38, 42, 113] and references therein. These kind of schemes
were proposed for storing and studying transverse images in hot atomic vapors [17, 21, 22, 114, 115].
Because the information is being written (mapped) in the coherences of the atomic states, the EIT-
based methods are sensitive to the transverse relaxation processes during the writing and storage
of the information [15, 17, 21-23, 38, 113-119]. In case of classical information , the information
storage times may be substantially increased if the optical information is written into the populations
of the metastable states instead of the atomic spin coherences.

The interaction scheme of the A-atom coupled by a pair of Raman-resonant FC pulses (Fig. 2.1(a))
was proposed to be applied for classical information writing. The information was coded into the
relative phase of the coupling pulse pair, which was proven to control the population distribution
created by the pulses. However, the storage time was restricted by the spontaneous decay rate.

In this chapter, we analyze the interaction of a tripod-atom with three FC pulses, two in Raman
resonance and one out of it, with several initial preparations of the atom. Our aim is to unify the
advantages of the three above mentioned schemes. We examine the possibilities of creating coherent
superpositional states among the ground states of atoms. In doing so, we have two priorities. First,
we require that the created superposition is controllable by external parameters such us the intensity
or relative phase of the coupling light pulses. Second, we search for such mechanisms that are
accompanied by only negligible excitation of the atom, in order to avoid spontaneous emission from

the excited state.
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An interaction scheme which fulfills these requirements is suitable for optical information map-
ping, similarly to the A-scheme ( [73, 75]). However, if it can be guaranteed that the excitation of the
atom remains negligible, the storage time becomes significantly extended. That is, it is limited by
the lifetime of the ground states instead of the lifetime of the excited state, which means an increase
of several orders of magnitude.

From the point of view of practical applications of coherent control schemes, it is important to
investigate their applicability in real media with inhomogeneously broadened transition lines typical
for atomic gases. Another important question to be addressed is the effect of longitudinal and
transverse relaxations on the efficiency of the schemes. For example, the effect of dephasing was
investigated in [51, 52, 59] in case of STIRAP, and the influence of inhomogeneous broadening was
also investigated in schemes applying FC pulses [74]. Here, we analyze in detail the effect of the
Doppler broadening of transition lines on the efficiency of the transfer mechanism by considering an
atomic gas of tripod-atoms at different temperatures. We also study the possible impact of relaxation

processes on the population control.

2.1 Mathematical formalism for describing the interaction
between a tripod atom and three FC pulses

We consider the interaction of three laser pulses with a tripod-atom (see Fig. 1.2(b)). Each laser
field is acting on the corresponding allowed electric-dipole transition in the atom (between a ground
state |k) (k € {1,2,3}) and the excited state |0)). Here, we focus on the effect of the field on the
atomic state and we neglect propagation effects of the lasers. The physical process which we are
interested in takes place in a certain point in space (defined by the location of the atom), thus we

further suppress the space-dependence in the description of the interacting laser fields:
t ~ A
E(t) =Y &(t)cos (wkt + / ptdf + go,go)), (2.1)
k=1 e

where we have assumed an identical linear time variation of the frequencies of all the interacting
laser pulses with a rate of 8 (c.f. Eq. 1.73). & (t) and wy denote the slowly varying amplitude and

the central frequency of the k'™ laser pulse, ¢} is a constant phase term.
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We analyze the atomic dynamics in the rotating basis introduced in Eq. (1.21). The interaction is

described in the frame of rotating wave approximation (see 1.1.3) by the the Hamiltonian (c.f. (1.22))

3
Huripoa = —%ﬁz (2|0)|k) +H.c.) = RIA (J1){1] + [2)(2]) + (A + dr) [3)(3]] (2.2)

k=1
Here Qx(t) = Wi f (t) exp (i 8t?/2) is the time-dependent Rabi frequency (1.17) of the laser pulse
which drives the transition |0) <> |k), which includes the modulation of the phase in time. The
envelope function f(t) is supposed to be the same for the three laser pulses, with (in general,
different) complex amplitudes Wy, = || exp(igp,&o)), k € {1,2,3}. We regard laser pulses having
Gaussian shape f (t) = exp (—2/2), where the time is measured in the unit of 7, = 7,,/(2vIn2), 71,

being the full width at half-maximum of the pulse (intensity) envelope.

|0 (t)

Ak(t) | time [7)]

Figure 2.2: Interaction of three FC pulses with a tripod atom. The pulses having Rabi frequencies
Q; and )y are in Raman resonance with a common detuning of A and the third pulse is Raman-
detuned from the other two pulses with dz. The interacting pulses have Gaussian envelopes and
linear frequency chirp.

We also assume that the transitions |0) <> |1) and |0) <> |2) are coupled by pulses in Raman
resonance with a common one-photon detuning A. In contrast, the third transition is supposed to
be out of Raman resonance, with a two-photon detuning large compared with the transform-limited

bandwidth of the laser pulses: 05 > 1/7,.
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2.1.1 Equations of motion

The dynamics of the atomic populations and coherences is given by the master equation (1.37), which

gives the following set of differential equations:

3
Orpoo = —% Z (Qippi — 2 poi) — Tpoo (2.3a)
i=1
O = & (Qupiss — Do) + o, b € 1,2,3) (2.3)
Orpor = —% Q2075 + Q3p13 + Q1 (P11 — poo) + 28p0] — (T'/2 +7) pnn (2.3¢c)
Aipoz = _é [hp12 + Q3ps5 + Q2 (p22 — poo) + 28p02] — (I'/2 +7) po2 (2.3d)
Oipo3 = —g [Q1p13 + Qapaz + Q3 (p33 — poo) + 2 (A +0r) pos] — (I'/2 +7) pos (2-3e)
Oipr2 = % [Qapg1 — Qipo2] — VP12 (2.3f)
Oip13 = é (305, — Q1pos + 20rp13] — VP13 (2.3g)
Oipaz = % (3002 — Q5003 + 20RP23] — VP23 (2.3h)

Here we assumed, on one hand, that the longitudinal decay rate from the excited state is the
same (I'/3) towards all three ground states, and, on the other hand, that the transverse relaxation,
caused by other effects than the spontaneous emission, can also be expressed by the same rate v. The
diagonal elements p;;, j € {0,1,2,3} of the density matrix are the populations of the corresponding
states; the nondiagonal elements py;, k # j are the complex coherences between the corresponding

states.
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2.1.2 Coordinate transformation: introducing dark and bright superpo-

sitional states

For further analysis, it is convenient to introduce a new basis using the complex amplitudes of the

interacting pulses as

W3l — Wy 2)
Wis
—iAt W3‘3>
[W3|

At Wil1) + Ws|2)
Wia

[bo) = |0y e i(P/2+A0), (2.4)

|b1) = |b2) =

|bs) = e

which can be obtained from the original rotating basis defined in (1.21) by the transformation

4 1) — Wi2)) (1 1 2)) (2 4
S — it [(W2| > Wl | >) < | + (W1| > + WQ’ >) < | + Wi |3><3| + efzﬁt2/2|0><0’ : (25>
Wi W
where Wiy = \/|W1|* + [W,|?. The phase factor exp {—iAt} only shifts the reference energy by hA

and is introduced in order to simplify the formulas.

The interaction Hamiltonian in the basis (2.4) is given by

Hap = Bf () [Waz (0) (ba + [b2)(0]) + [Ws] (|0) (3] + [bs)(O])]

+ R (Bt + A)|bo) (bo| — Sr|b3)(bs]], (2.6)

where the transformation rule given in Eq. (A.1) was used.

2.2 Analysis of the adiabatic states

First, we analyze the effect of the three FC pulses on the inner state of the tripod-atom by using
the adiabatic theorem (see 1.3). Note that this method gives an approximation for the Hamiltonian
evolution of the system (for parameters that suit to the constraints given in Eqs. (1.76a) and (1.76b))
and it cannot describe the relaxation processes. The deviations caused by the decay processes from
the results of this approximation are discussed in 2.3.4. As we have seen in Sec. 1.3, the adiabatic
approximation allows us to describe the dynamics of the system by the eigenstates and eigenvalues

of the Hamiltonian. Substituting the Hamiltonian given in Eq. (2.6), the following equation follows
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from Eq. (1.52) for the eigenvalues A\ = \;:
MM+ 1o)X = h(Bt+ A)] — R f()* [A (Wi, + (W3|*) + hopWh]} =0, (2.7)

and the following expressions are obtained for the corresponding eigenvectors |ag):

la1) = [b1) (2.8a)
e (2.50)

s
+ J |bO>7 j€{27374}

V/N;

Here the normalization factor for |a;) is

N[N = h(A + BE)] — R2f(1)*W3 | L2, (2.9)

N; = \/h2f(t)2W122 + hf(t) | Ws| ’

As it follows from Eq. (2.8), the following relations take place between the components of the dressed
state vector |b;), j € {2,3,4}:
(a;bs) _ Aj [\ — B(A+ Bt)] — B2 f()* W (a,[bo) Aj

(a,]b) B2 F (1) Wy IV ’ Wy ~ hfoin 20

2.2.1 Adiabatic paths for positive and negative chirp

The dynamics of the four eigenvalues (quasi-energies) of Hg, is shown in Fig 2.3 for positive (from
below to above resonce) linear chirp both for positive and negative values of Raman detuning. In
the former case (0g > 0), the laser pulse out of Raman resonance (€23) reaches the single-photon
resonance with the corresponding transition earlier than the pulses in Raman resonance (£2; and €2,),
while, in the latter case (6g < 0), the resonances occur in the reversed order. As can be seen in
Fig. 2.3, in both cases of negative and positive chirp, the eigenenergies A\ and A3 coincide with the
energy jio of the (diabatic) excited state |by) in the end and beginning of the interaction, respectively.
In this chapter, however, we wish to find such ways of coherent population control in the tripod atom

by the FC pulses which are accompanied with only negligible excitation of the atom. Thus, we only

45



CHAPTER 2. ADIABATIC CONTROL OF TRIPOD-ATOMS BY THREE FC PULSES

quasi-energy [f/7,)
quasi-energy [fi/7,]

Figure 2.3: Eigenvalues of the Hamiltonian Hg, in case of a.) positive and b.) negative values of
Raman detuning 6. The energies py, of the diabatic states |b;), k& € {0, 1,2,3} are plotted in dashed
lines, while the eigenvalues \;, j € {1,2,3,4} are indicated with solid lines. The parameters used

for calculation are W, = Wy = W3 = 5v/2[1/7,], 8 = 2v/2 [1/72], A =0[1/7)], |0r] = 5/v2[1/7,).
consider initial preparations of the atom which ensure that the dynamics takes place on the subspace
spanned by the dressed states {|ai), |a4)}.

Note that this preparation is different for the cases of positive and negative Raman detuning
(see Fig. 2.4). In both cases, the dark (diabatic) state |b;) is also an adiabatic state, since it is
uncoupled from the interaction with the three FC pulses (this is also obvious from the expression
for the interaction Hamiltonian Hg, in Eq. (2.6)). Thus, if the atom is initially prepared in |by), it
remains unexcited during the interaction, since this state is perpendicular to the excited state (cf.
with the definition in Eq. (2.4)). On the other hand, for different signs of the Raman detuning,
substantially different behavior follows from the preparation of the atom in the states |by) and |bs).

For 0 > 0, see Fig. 2.3(a) and 2.4(a), the eigenvalue ps coincides with Ao, which means that
the population initially set in the corresponding (diabatic) bright state |by) is adiabatically driven
into the excited state. In the same time, the energy u3, belonging to state |bs) coincides with the
eigenvalue )4, which tends to the energy ps, which belongs to the bright superposition |bs) of the
atomic ground states. Namely, the population, placed in |b3) at the beginning of the interaction, is
transferred into state |bo).

However, for 0 < 0 (Fig. 2.3(b)and 2.4(b)) the role of the states |b2) and |b3) is inverted. That
is, it is state |b3) in which the preparation leads to excitation of the atom, while the population

prepared in state |by) gets into state |bs) as a result of the interaction.
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a.) 5R >0
|bg

by b QD)

__ b @w_w b

Figure 2.4: Adiabatic transfer in the tripod atom induced by the three FC pulses in the arrangement
shown in Fig. 2.2 in case of a.) positive and b.) negative Raman detuning. The initial and the final
states of the atom are indicated with black and orange desks, respectively. |b;) k € {0...3} are the
elements of the ”dark-bright” basis defined in Eq. (2.4).

All in all, in order that the atom evolve in the required subspace, we need to prepare it in

Cl|b1> + CQ’b3> for 53 >0 (211&)

d1|b1> + d2|b2> for 5R < 0, (211b)

respectively, with positive chirp in both cases. Here, ¢; and d;, j € {1,2} are arbitrary complex

numbers fulfilling the normalization condition of the quantum states.

2.2.2 Suppression of the excitation of the atom

Now let us assume that the atom is prepared according to (2.11), thus, it evolves in the subspace
spanned by the adiabatic states |a1) and |a4) to end up in some superposition of the atomic ground
states. However, as it follows from Egs. (2.9) and (2.10), the excited state has a nonzero contribution
in the dressed state |a4), which depends on the corresponding eigenvalue 4. Notice that this quasi-

energy does not depend strongly on the Rabi frequencies and is restricted by the value of the Raman
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detuning dg for both positive and negative values (see Fig. 2.3):

0 < [\ < [65]. (2.12)

Using Eq. (2.12), the relative contribution of the excited state may be estimated as

(aq|bo)
(aq]b2)

Or
= | Wia

. (2.13)

Consequently, the population of the excited state may be suppressed by increasing the amplitudes

W1 or/and W5 of the Rabi frequencies of the laser pulses in Raman resonance.

2.3 Creation of coherent superposition states

In this section we discuss creation of coherent superposition of ground states in the tripod atom,
which is initially optically pumped into one of the ground states, in accordance with (2.11). Namely,
we assume that the atom is initially prepared in state |3) for positive (dg > 0) and in state |1) for
negative (0g < 0) Raman detuning, respectively. In both cases, positive frequency chirp (5 > 0) is

assumed.

2.3.1 Adiabatic following

First, let us describe the transition process in the tripod-atom induced by the three positively fre-

quency chirped (8 > 0) pulses for the initial conditions

[ (t = —00)) = |3) = WieT™™/ |Ws| |bs) for o > 0 (2.14a)

[ (t = —00)) = [1) = (Walbi) + Wy|bs)) €72 /Wiy for or <0. (2.14b)

Note that, due to Raman resonance between states |1) and |2) (see Fig. ??), the initial condition

|9 (t = —00)) = |2) would lead to the same result that the conditions given in Eq. (2.14b) do. For
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the preparation given in (2.14a) and (2.14b), the coefficients

ri=ry=1r3=0, ry =W5/|W;s| and (2.15a)

T = WZ/W]_Q, o =— WI*/W127 rs = 0, Ty = 0, (215]:))

describe the statistical weights of the eigenstates in the dressed states representation of the atomic

wave function (cf. Eq. (1.53)):

4

60) = S relax) exp ( / ; A (7) df). (2.16)

k=1 -
In the case of positive Raman detuning (dg > 0), as it was discussed above, the dressed state |ay)
evolves from state |b3) to state |be) with an additional 7 phase-factor, so the final state vector becomes

G _ Wy (A1) + Wh[2))

(2.17)

As it follows from Eq. (2.17), a coherent superposition of two ground states connected by the
two laser pulses in Raman resonance is created. The contribution of different ground states into
the obtained admixture is governed by the Rabi frequencies (intensities) of the two laser pulses in
Raman resonance. It is worth noting that if W; = W5, a maximum coherence of 0.5 is achieved in
this scheme.

A slightly more complicated consideration may be provided for the case of negative Raman
detuning (dg < 0). The dressed state |a1), corresponding to the eigenvalue A\; coincides with the
"dark” state and does not change during the interaction. In the same time, as a result of the
interaction, the dressed state |a4) evolves from the ”bright” state |bs) to the state |bs), with an
additional 7 phase-factor. The resulting state vector will have the following form in the ”dark-

bright” basis (defined in Eq. (2.4)) and the bare basis respectively:

Walby) — Wilbs) e Wl 1) — WiWAR|2)  WiTW33)
t — +00)) = et = - .
‘¢( )> Wl2 W122 W12 ’WB‘

(2.18)

As it follows from the obtained equation, the final atomic wave function is a coherent superposition

of the three ground states of the tripod-atom. As in the previous case, the intensities of the pulses
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in Raman resonance govern the contribution of the two ground states in the coherent superposition.
Note that the excited state is absent in the final atomic wave function. During the interaction process
there may be some temporary excitation of the atom, which however may be successfully suppressed

by increasing the intensity of the pulses in Raman resonance, (see Eq. (2.13)).

2.3.2 Results of numerical simulations for negligible relaxation

In the present subsection, we analyze the above considered scheme of creation of coherent superpo-
sition states by numerical simulation of the system of Eqs. (2.3) for the density matrix elements.
At this point, we take the duration of the pulses shorter than longitudinal and transverse relaxation
times of the atomic system to confirm the conclusions based on the dressed state analysis of the
previous subsections.

The results of the numerical simulations are presented in Figs. 2.5 and 2.6 for the cases of
positive and negative Raman detuning, with initial conditions given by Egs. (2.14a) and (2.14b),
respectively. As it follows from the numerical solutions, the dynamics of the states’ populations and
coherences confirm the results of subsection 2.3.1 based on the adiabatic consideration of the problem.
Accordingly, in the case of positive Raman detuning, population of the initially populated state |3)
is transferred into the "bright” superposition |by) of the states |1) and |2). The time evolution of the
populations in this case is connected with the single dressed state |as). As a result, no oscillations

occur in the dynamics of the populations, (see Fig. 2.5(a)).

1.0 E 1 1 T T T |
0.5F =)
P33 P12
0.8¢ ] 0.4Ff
< 0.6 P11 03]
S8 § iS22 0 2 4
0.4 P22 1 — 0.2¢ time [r,)
0.21 ] 0.1r
P00
0.0E ' . ! : . - 0.0 Errrr——— —
—4 -2 0 2 4 —4 4
time [7,] time [7,]
(a) Populations (b) Coherences

Figure 2.5: Time evolution of the populations and cohereneces in case of positive Raman detuning
(and positive chirp). Inset: the phase of the coherence pjo. The parameters used for calculation are
Wiy = 250v2 [1/7,], Wa = 237.5v/2 [1/7,], W3 = 262.5v2 [1/7,], B = 1250 [1/72], |6k| = 125 [1/7,).
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0.5 T
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0.4 E
<
= 0.3 y O
§ § - 7%11112 [T,,]Z !
0.2 P12 ]
0.1
0.0 t . , .
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time [7,)
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Figure 2.6: Time evolution of the populations and cohereneces in case of negative Raman detuning
(and positive chirp). Inset: the phase of the coherence p13. The parameters applied are the same as
in Fig. 2.5.

In the case of positive Raman detuning (with initial preparation of the atom in the state |1)), all
the three ground states are populated at the end of the interaction: the population of the ”bright”
state |by) is transferred into state |3), and the population of the ”dark” superposition |by) is left intact
in the ground state (see Fig. 2.6(a)). The time evolution of the atomic (bare) energy-eigenstate |3)
corresponds to the dynamics of the single dressed state (|as)). Consequently, no oscillations occur
in its time evolution. In contrary, the bare states |1) and |2) can be described as a superposition of
the dressed states |a;) and |a4) with related nonequal eigenvalues (quasi-energies) A; and A\4. Due to
this superposition of the dressed states, the time evolution of populations of the bare states has an
oscillatory character (see Fig. 2.6(a)). It is important to note that, in both cases, the population of
the excited state is negligible (and temporary), reaching merely 1-2% of the all atomic population.

The following expressions can be obtained from Egs. (2.17) and (2.18) for the final values of the

density matrix elements corresponding to the cases of the positive (0g > 0) and negative (dg < 0)
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Raman detuning, respectively:

5R>0:

op <0:

phe =0, P = Whl* /Wi, pls = [Wal* /W, s =0,

pis = (WAW5) /Wiy, pis =0, py5 =0 (2.192)
iy =0, pit = [Wal' /Wy, pls = (IWA[* [WAl®) /Wy, pls = [WAl* /W,
iy = (WaW5 (Wal?) JWiy, plis = (WA [Wal?) / (W3 [W5[)

(
/023 (W2W* Wi ) / (W122 |W3|2) : (2.19b)

Dependence of the absolute value of the final coherence on the ratio of the peak Rabi frequencies of

the pulses in Raman resonance is presented in Fig. 2.7 for both cases of positive and negative Raman

detuning. The results show an excellent agreement of the predictions based on the dressed states

analysis (solid lines) with results of the numerical simulation of the Eqs. (2.3) for the density matrix

elements (the points).

1 2 3 s
Wy /Wi W /W,
(a) (b)

Figure 2.7: Resulting absolute values of the coherence p;o versus the ratio of the peak values of Rabi
frequencies W5 /W, for the cases of a.) positive and b.) negative Raman detuning calculated from
the dressed state analysis. The dots are the results of the numerical solution of the master equations,
Egs. (2.3), in the absence of relaxation processes. The following values of the parameters are used:
Wi =125v/2 [1/7,), W3 = 137.5v2 [1/7,], B = 1250 [1/72], and W} is varying.

52



CHAPTER 2. ADIABATIC CONTROL OF TRIPOD-ATOMS BY THREE FC PULSES

2.3.3 Creation and control of the coherent superposition states in Doppler-

broadened media

The potential of schemes based on STIRAP to create coherent superposition states is limited in room
temperature gases due to the Doppler-effect. We show in this subsection that using FC laser pulses
in the proposed scheme allows one to create and control the coherent superposition states equally
efficiently in homogeneously, as well as in Doppler- broadened media.

A Doppler-broadened medium of a gas of tripod-atoms is modeled by averaging the created
coherence over distribution of the resonance frequencies of atoms in the gas at different values of
temperature assuming all three FC laser pulses propagating in a same direction. Considering a gas of
8TRb atoms at temperature 1" and assuming Maxwell-Boltzmann distribution for the velocities of the
atoms, we have for the (normalized) probability distribution P (A) for an atom to have single-photon

detuning A:

2 2 A2

P(A) = S expo—— = (2.20)
(2m)" kT (forp) 8m2kT ( forp)

where k is the Boltzmann constant, m = 86.909u is the mass of ®’Rb (u being the atomic unit) and

fo = 384.230 THz is the frequency distance between the excited and the ground states (F' = 1 and

F’" = 0 hyperfine states in the D, line of 8"Rb), see Fig. 2.8.

251
2.0F
1.5¢F

10}
L T = 700K |

P(A) x 107*

0.0t

8000 —4000 0 4000 8000
All/7)

Figure 2.8: Probability distribution (normalized to unity) for atomic gas at temperatures equal to
300, 500 and 700 K.
H

The average values of the density matrix elements: populations and coherences (py), k,l €
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{0,1,2,3} are calculated numerically. First the master equation (2.3) is solved numerically for the
values of the detuning A corresponding to nonzero probability values (see Eq. (2.20) and Fig. 2.8)
in order to obtain the density matrix elements pf' at the end of the interaction (¢ — o00). The
resulting populations and induced coherences are presented in Fig. 2.9 as functions of the single-
photon detuning (Doppler-shift) A. As it is seen from Fig.7, there is a range of values of the Doppler
shift, where the final coherences (populations) are independent on A. This feature is due to the
frequency modulation of the laser pulses: as long as the Doppler shift is smaller than the frequency
range [—5/7,, 587,] covered by the chirp during the interaction time (approximately equal to 587,),

the velocity of motion of the atoms does not have an impact on the resulting population and coherence

distribution.
LOF T ] 1O
0.8t ] 0.8 [
< 067 P115 P22 106y
£ o4l ~
& 04f 1 g o4}
02f 1 0.2Ff
0.0 - : ‘ 0.0 [ : ‘
—8000  —4000 4000 8000 —8000  —4000 4000 8000
1/Tp] A [1/7'17
(a) (b)
10T AR LOF R o
0.8} 08 f ﬂ ]
3 0.6 P33 S]/ 0.6 * ,
ﬁ [ ) [ ]
& 04f S 04F 1
i P11, P22 _ [ ]
0.2 0.2 Ff .
0.0 t 4 00 b e ‘ ‘ ]
8000 4000 4000 8000 —8000  —4000 4000 8000
l/Tp A [1/Tp]
(c) (d)

Figure 2.9: Final populations and coherences at the end of the interaction with the laser pulses as
a function of the normalized single-photon detuning A for the cases of a.) and b.) positive Raman
detuning and preparation in state |3) and c.) and d.) negative Raman detuning and preparation
in state |1), respectively. The parameters used for calculation are Wy = Wy = 125v/2 [1/7,], W3 =

137.5v2 [1/7,], 8 =530 [1/72], 6r = 50v/2[1/7,], where 7, = 1/v/2 x 107
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The averaging of the obtained solutions for the Doppler-broadened atomic gas is produced by

numerically evaluating the integral

o) = [ P4l (2) s (2.21)

—00

The absolute value of the average induced coherence |(p12)| established after the interaction with
the laser field is presented in Fig. 2.10 as a function of the speed of chirp 8 of the laser pulses for
different values of the gas temperature. As it can be seen from this figure, the average value of the
induced coherence does not depend on the Doppler-broadening for sufficiently large frequency span

of the pulses during the interaction time due to a sufficiently high speed of the frequency chirp.

0.5 ———

0.4r .

0.3§\

. : /S
L i
i = 02f ]
i 01} |
00 0.00 ‘ : ‘ ‘ J
250 500 750 1000 1250 250 500 750 1000 1250
2 2
B [1/7,] B (/7]

(a) (b)

Figure 2.10: Average value of the final coherence (pf) between states |1) and |2) in the cases of a.)
dr > 0andb.) dg < 0 as a function of the speed of chirp for the temperatures of the gas equal to 300
(red), 500 (blue) and 700 K (green). The parameters used for calculation are the same as in Fig. 2.9

2.3.4 Effect of the relaxation processes

In this subsection, we discuss the influence of the relaxation processes on the coherent control mech-
anism described above. First, we analyze the effect of the spontaneous decay from the excited state.
Here, we assume that the dephasing processes can be disregarded.

In Fig. 2.11, the final populations and the phase of the coherence established between states
|1) and |2) after the interaction by the FC laser pulses are shown as a function of the longitudinal
relaxation rate. One could anticipate a negligible influence of the spontaneous relaxation processes

on the populations and coherences of the atom when no considerable excitation of the atom takes
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place. However, the results of the numerical simulations show, that even for the negligible excitation
of the atom, the final populations and induced coherences depend on the longitudinal relaxation rate.
The reason is that the optical coherences pox, k € {1,2,3} are not negligibly small. It can be seen
from Fig. 2.11 that, the larger the longitudinal relaxation rate (compared to the inverse duration
of the laser pulse) is, the more the population transition process is shifted towards transferring the
population into the dark superposition® of states |1) and |2) by the laser pulses in Raman resonance.
Consequently, for larger relaxation rate, the atom ends up in the dark superposition in both cases of

the positive and negative Raman detuning.
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Figure 2.11: Final populations of the atomic states as a function of the product of the pulse length
7, and the longitudinal relaxation rate I', in the case of a.) dg > 0 and p (t - —o0) = |3)(3] and
b.) 0g < 0 and p(t — —o0) = |1)(1|, with neglecting the dephasing processes. Insets: the phase of
the created coherence pya, where arg (p12) = 0 corresponds to the bright, while arg (p12) = 7 to the
dark superposition of states |1) and |2). The parameters used for calculation are W, = 250v/2 [1/7,],
W, = 237.5V2 [1/7,], W3 = 262.5v/2 [1/7,], 8 = 1250 [1/72] and |0g| = 125 [1/7,).

Since quantum interference processes are the basis for the above described coherence creation
schemes, the phase relations between the probability amplitudes of the states (the values and the
phases of the corresponding coherences) must play an important role in the considered processes.
That is why a strong effect of the transverse relaxation (dephasing) processes may be anticipated
on the creation and control of coherent superposition states as well as on the population transfer
between the atomic states. The final populations of the atomic states as a function of the dephasing
rate -y are presented in Fig. 2.12 as a result of numerical simulation of the master equation, Eq. (2.3).

It can be seen from the behavior of the populations that the effect of the dephasing begins to be

Tt follows from Eq. (2.5) that arg p1» = 7 corresponds to the dark, while arg p12 = 0 to the bright superpositions
|b1) and |bg), respectively.
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Figure 2.12: Final populations of the atomic states as a function of the product of the pulse length
7, and the transverse relaxation rate v, in the case of a.) dg > 0 and p(t = —o0) = |3)(3| and b.)
dr <0 and p(t - —o0) = |1)(1], assuming no longitudinal relaxation. Insets: the absolute values of
the coherences between the ground states. The parameters used for calculation are the same as in
case of Fig. 2.11

imperative at 7,7 = 10~'/2. This is true for both cases of positive and negative Raman detuning. If
the interacting pulses are longer (compared to the inverse dephasing rate 1), the adiabatic transfer

process is destroyed by the dephasing. In this case, the interaction results in equally populated

ground states without any coherence among them (see Insets in Fig. 2.12).

2.3.5 Robustness of the process

Let us now discuss robustness of the proposed scheme of creation of superposition states against
variation of the main parameters of the laser radiation. As it follows from Fig. 2.7 and Egs. (2.19a)
and (2.19b), the absolute value of the created coherence |pia| depends on the ratio of the peak
Rabi frequencies of the laser pulses in Raman resonance and does not depend on the phase re-
lations between the laser pulses. In both considered cases (0g > 0 and p(t — —o0) = |3)(3],
dr < 0 and p(t - —o0) = [1)(1]), one can control the induced coherence for example, by vary-
ing the intensity of one of the laser pulses in Raman resonance leaving fixed the intensity of the
second pulse. Note, that the induced coherence is robust against changes in the intensity of the laser
pulse out of Raman resonance as long as these changes do not violate the adiabaticity conditions,
(see Eq. (1.76)).

Robustness of the scheme against variations of the parameters of the pulses in Raman resonance
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may be provided utilizing laser pulses from the same source. In this case, with the variation 6\ of
the peak Rabi frequencies of the pulses, the variation of the ratio of the two peak Rabi frequencies

may be estimated as

As it follows from this relation, the dependence of the variation ¢ (W;/W3) on the parameter W is
weak and hence, the robustness of the process is especially high in the case of close values of the peak
Rabi frequencies of the pulses in Raman resonance: W; ~ W5. In this case, the maximum value of
the induced coherence |p12| equal to 0.5 is achieved for the negative Raman detuning (see Fig. 2.7).
Note that the considered schemes are also extremely robust against variations of the speed of the

chirp, as is usually the case for adiabatic processes.

2.4 Phase information mapping in the populations of the
atomic states

In this section we suppose that the tripod-atom is initially prepared in a coherent superposition of
the ground states coupled by the pulses in Raman resonance. Note that this preparation can be
realized for example by applying the above described scheme with negative Raman detuning (dg).
Our aim is to show that this scheme may be applied to map optical information into the ground

states of the atom.

2.4.1 Dynamics of the populations of the atomic states

We analyze the interaction scheme in case of negative Raman detuning (0 < 0) and we assume that

the atom is prepared in a superposition of states |1) and |2), namely

Oéﬂl) + 042’2> _iAt WQOél + ”10&2
t— —x)=—""—F""+-=¢" ———=1b) +
(¢ = —oc)) = T )

—Wiag + Wi
Wis

1b2) | - (2.23)

We have seen in subsection 2.2.1 that this initial condition results in such a dynamics of the system

which allows only negligible excitation, provided the condition given in Eq. (2.13) is fulfilled. This
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is because, on one hand, state |b;) remains unaffected by the interaction and, on the other hand,
state |by) is adiabatically transferred into state |b3) with an additional 7w phase factor, by following
the time evolution of adiabatic eigenstate |a4) (see Fig 2.3(b) and the successive argument). Thus,

the state of the system established by the interaction is given by

WgOél —+ WlOéQ —Wl*Oél -+ Wz*a2

t— —00)) = ¢ A b)) — b
¥ (t = —o0)) ) - S )
W3 (Waay + Wikan) Wi (Waay + Wian) W3 (Whiay — Wias)
= 1)+ 2) + 3). (2.24
v we T w3

Note that the g < 0 case of the coherence creation problem discussed in section 2.3 is a special case
the present one with a; = 1 and ay = 0. Accordingly, Eq. (2.18) can be obtained from Eq. (2.24)
using this substitution.

From Eq. (2.24), the following expressions follow for the final populations of atomic states:

in n |W2|2 — mn |VV1|2 — in
phet =0, pli" = T Py = T Pl = QF, where
Q* = [Joal” Wi |* + [ou |* [Wa|* £ 2 |au| | [W] [Wa] cos (¢ — )] /Wi (2.25)

Here we introduced the relative phase ¢ = gpgo) — gpgo) of the peak Rabi frequencies W, and W5, and

¢ is the difference between the complex phases of the probability amplitudes «; and as.

In Fig. 2.13 the time evolution of the populations p of the atomic states are presented for
three different values of the relative phase ¢, calculated numerically from the master equation (2.3),
assuming the relaxation processes in the system can be disregarded. This is a good approach if
the interaction time is shorter than any relaxation time including the spontaneous decay from the
excited state and the coherence relaxation time. The numerical results confirm well the predictions
of the adiabatic theorem: the dynamics of the populations show a significantly different behavior
depending on the relative phase ¢, when the other interaction parameters are the same.

We further make use of this sensitivity for designing an optical information mapping procedure.
Another important feature of the interaction is that there is a negligible (and only temporary) excita-
tion of the atom during the interaction, which is important to avoid decoherence due to spontaneous
decay. We show later (in subsection 2.4.3) that the mapping process is indeed possible for moderate

relaxation rates.
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Figure 2.13: Dynamics of the atomic populations for three different values of the relative phase of
the Rabi frequencies of the pulses in Raman resonance: a.) ¢ =0, b.) ¢ = 7/6, c.) ¢ = 7/2 in
the absence of relaxational processes. The following parameters were used for calculation: |W;| =
[Wa| =50 [1/7,], W3 =100 [1/7,], 8 =150 [1/72], A =0, 6p = =25, a1 = as = 1/V/2.

2.4.2 Writing and storage of the phase information in the populations

of the atomic states

The dependence of the final populations of the ground states on the phase difference ¢ of the Rabi
frequencies €2; and 2 is presented in Fig 2.14. Here, the master equation (2.3) was numerically
solved without any relaxation processes and the populations pfil = py. (t — 00) established by the
interaction were calculated for the relative phase ¢ varying between 0 and 27 in 36 steps.

We chose p(t — —o0) = 1/2(|1) +|2)) ((1] + (2|) (a1 = ay = 1/v/2, ¢ = 0) as initial state of

the atom and |W;| = |W3|. According to the prediction of the adiabatic approximation (see (2.25)),
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these conditions maximize the contrast of the phase mapping, which may be defined as

fin : fin
maxy P33 — Milly, P33

C— i , (2.26)
maxe ng + min, pgg
since
Q* (0, ) = Q| — litcos(p-9)] (2.27)
) - a1=a=1//2,|W1|=|Wa| 2 '

changes between 0 and 1 as a function of o, which means that pfZ (o) reaches its possible extreme

values. Fig. 2.13 makes obvious the excellent agreement of the numerical calculations with the results
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Figure 2.14: Dependence of the final populations of the states (points) on the relative phase of the
laser pulses in Raman resonance with fitting curve (solid line) ¢* (¢) (see (2.28)). The parameters
applied for calculations are the same as in case of Fig. 2.13, the fitting parameters are a.) A = 0.5,
b=0andb.) A=1,b=0.

of the investigations based on the adiabatic theorem. Namely, the fitting function

¢ (p) =AQ" +b (2.28)

expressing the dependence of the final populations on the relative phase, deducted from the dressed
states analysis fits very well on the points resulting from numerical simulation

Because the information is written in the populations of the ground states without considerable
excitation of the atom, its storage time is scaled by the lifetime of the ground states. It substantially

exceeds the transverse relaxation times limiting the information storage time of EIT-based schemes.
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The proposed method is applicable best to store the transverse distribution of the phase (trans-
verse phase images). The information has to be coded in the transverse phase distribution of one
of the laser beams among the two in Raman resonance with the atom. The second laser beam, in

Raman resonance with the first one, has to have a homogeneous phase front.

Intensity of

. .
© Population the reading beam

1]a.u.]

“n

Y

Figure 2.15: Schematic of the phase information writing in and reading out from the populations of
the atomic states. The phase information mapped in the transverse distribution of the population of
the metastable state |3) is transferred into the transverse distribution of the intensity of the reading
pulse.

An additional laser pulse with homogeneous transverse distribution of the intensity will be used
as a reading laser. This pulse will measure the population of a metastable state after the information
writing process by transferring it to the excited state. The transverse phase information stored in
the transverse distribution of the atomic state population will be transformed into the transverse
distribution of the intensity of the reading pulse: The more the population of a given state of an
atom at a given transverse position, the more will be the absorption of the reading beam at this
transverse point, see Fig. 2.15.

To make the reading process more effective one may use a frequency chirped reading laser pulse
transferring nearly all the population of the metastable state into the excited state. To store the
information for further reading, one can apply another (restoring) laser pulse similar to the reading
one that transfers the population of the excited state back into the metastable state previously used

for the storage.
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2.4.3 Impact of the relaxation processes on the information mapping
process

In order to analyze the impact of the relaxation processes on the optical phase information writ-
ing, we solved the master equation (2.3) numerically with the same initial condition (p (t — —o0) =
1/2(]1) +12)) ((1] + (2])) as was used in the previous subsection. The effect of the longitudinal re-
laxation and dephasing processes were investigated separately. In both cases, the 36-step calculation
determining the phase-dependence of the final populations was performed, for each value of the lon-
gitudinal relaxation and dephasing rate, between 1072 [1/7,] and 10? [1/7,] in 20 (logarithmic) steps,

respectively.

1.0

fin
P33

~ 100!

Fitting parameters

0 T3 2n/3 T dnj3 bn/3 2n -3 2 1 0 1 2 3
relative phase ¢ 1 = Logyo (')

(a) (b)

Figure 2.16: a.) Dependence of the final population of state |3) on the relative phase ¢ of ; and
Q) for different values of the logarithm of the product of the longitudinal relaxation rate and the
interaction length (n = log,, (I'7,)). The dots are results of numerical integration of Eq. (2.3), the
solid lines are fitting curves with the function ¢* (¢) given in (2.28). b.) Fitting parameters A and
b for different values of 7.

As Figs. 2.16 and 2.17 show, the same function ¢ (¢) (cf. Eq. (2.28)) characterizes the de-
pendence of the final population pifl on the relative phase ¢ as the one predicted by the adiabatic
approximation. The effect of the relaxation processes (both longitudinal relaxation and dephasing)

manifest themselves in the contrast (2.26) of the writing process which is a simple function of the

fitting parameters A and b (see Figs. 2.16(b) and 2.17(b)):

(2.29)

Comparing Figs. 2.16(b) and 2.17(b) with Figs. 2.11 and 2.12, it turns out that the relaxation
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Figure 2.17: a.) Dependence of the final population of state |3) on the relative phase ¢ of the pulses
in Raman resonance for different values of the logarithm of the dephasing rate and the interaction
length (v = logy, (v7,)). The dots are results of numerical integration of Eq. (2.3), the solid lines are
fitting curves with the function ¢* (¢) given in (2.28). b.) Fitting parameters A and b for different
values of v.

processes affect the coherence creation and the phase mapping mechanisms basically the same way.
More specifically, the contrast of the mapping starts to significantly decrease for I'r, ~ 10%/2 in case
of longitudinal relaxation and for y7, ~ 10~1/2 for dephasing. Consequently, the mapping has to be
established faster than the typical rate of the latter processes, which is not very surprising since the
basis of the mechanism is quantum interference.

On the other hand, we can see that the mapping is not too sensitive on the spontaneous decay
from the excited state: even for laser pulses ten times longer than the lifetime of the excited state a
noticable contrast can be achieved. Note that since the information is mapped in the ground states,
the longitudinal relaxation from the excited state only affects the writing process, the storage time

is only limited by the lifetime of the ground states.

2.5 Summary

In this chapter, we have analyzed the system of a tripod atom interacting with three FC laser
pulses. Each atomic transition is driven by a separate pulse, two of them in Raman resonance, the
third one detuned from it. By studying the adiabatic states, we have shown that both for positive
and negative values of the Raman detuning, certain population redistribution processes are possible

among the ground states without significant excitation of the atom. Namely, there are two eigenstates
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of the interacting system which have (for suitable parameters) only a negligible projection onto the
excited state. By initially preparing the atom in different states in the subspace spanned by the two
mentioned states, several control tasks can be achieved. In this chapter two substantially different
arrangements are presented.

First, we have presented an interaction scheme suitable for creating a superposition among two
or three ground states. After being prepared in one of the ground states, the atomic population has
been shown to be transferred to a coherent superposition. We have shown by studying the adiabatic
eigenstates and by performing numerical calculations as well that the composition of the created
superposition is controllable by the peak intensities of the laser pulses in Raman resonance. We have
also analyzed the applicability of the scheme in a Doppler-broadened medium of a gas composed of
tripod-atoms by averaging the induced coherence over the velocity distribution of the atoms in the
gas at different temperatures. The results indicate that the scheme is effective even for relatively
large widths of the Doppler-broadened transition lines if the frequency span of the laser pulses due
to the chirp exceeds the width of the Doppler-broadening.

The influence of relaxation processes on the population transfer mechanism was also analyzed by
numerical simulation of the master equation. Based on our results we can state that the considered
scheme allows minimizing the effect of the spontaneous decay by suppression of the population of the
excited state. However, even under the condition of negligible excitation of the atom, for longer laser
pulses, the longitudinal relaxation may influence the induced coherences and the resulting population
distribution among the ground states. For laser pulses longer that the decay time of the excited state,
optical pumping of the atom by a pair of the pulses in Raman resonance results in the accumulation
of the atomic population in a dark superposition of the ground states linked by the laser pulses in
Raman resonance. Note that the influence of the spontaneous decay may be minimized by increasing
the speed of the population transfer.

The transverse relaxation (dephasing) also forces restriction on the method: The numerical sim-
ulation of the master equation has shown that transverse relaxation processes destroy the adiabatic
transfers already when the duration of the laser pulses is close to the dephasing time of the medium.
At larger transverse relaxation rates or longer laser pulses, all the states are equally populated as
a result of the interaction and no coherent superposition states are created. While the detrimental

effect of transverse relaxation may be avoided by utilizing sufficiently short laser pulses, this effect
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may also be diminished by increasing the chirp speed of the FC pulses.

In the other interaction scheme investigated in this chapter it has been assumed that the atom was
initially prepared in an equal superposition of the two ground states. This initial condition may be
realized, for example, by using the first interaction scheme presented here. We have shown that the
population distribution established by the interaction depends on the difference of the phases of the
pulses in Raman resonance. This property make this scheme suitable for phase information writing
(mapping) in populations of the ground states. Measuring the population of a meta-stable state by
frequency chirped laser would restore the phase information. The transverse phase image will be
then transformed into the transverse intensity modulation of the reading laser beam. Note that the
information reading process is analogous to measuring the created coherent superposition [120, 121].

The main advantage of the method is its long information storage time. This time scales by
the lifetime of the atomic metastable states instead of the transverse relaxation time of the atomic
coherences in the case of the EIT- based methods. There is a negligible temporary excitation of the
atom during the information writing providing immunity of the method to the decoherence processes
through decay of the excited state.

Note that both schemes considered above provide the possibility of preparing atoms in coherent
superpositions of the ground states, which can be easily modified by external parameters. Thus,
they may find practical applications in nonlinear optics, since the preparation of the atoms in co-
herent superposition states may result in extreme changes in the optical (refractive and absorption)

properties of a medium composed of them via quantum interference.
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Chapter 3

Coherent control using a combination of

a FC and constant-frequency laser pulses

In this chapter, we analyze the population redistribution induced in a A-atom by two laser pulses.
One of them has constant carrier frequency, while the other pulse is frequency chirped in such a
way that it sweeps through two-photon resonance. We analyze this interaction in two limiting cases,
resulting in substantially different passage mechanisms.

In the first case, the pulse with constant carrier frequency is exactly resonant with one of the
atomic transitions, so that the FC pulse sweeps through both the one-photon and the two-photon
resonances. This scheme resembles the well-known EIT-configuration (see e.g. [38] and the included
references) in the sense that one of the atomic ground states is coupled to the excited state by a strong
resonant field, which creates two dressed states from them [122]. This pair of dressed state has been
shown to be equivalent to a pair of closely spaced lifetime-broadened resonances [123] (Autler-Townes
doublet), which are superpositions of the coupled atomic states. However, the scheme analyzed here
differs from the one of EIT in the point that the other dipole-allowed transition in the lambda-atom
is driven by a strong frequency-chirped laser pulse instead of a weak probe wave with constant carrier
frequency.

On the other hand, it has been demonstrated in [68], that in an atom having two excited states
close to each other, selective population inversion can be induced by a FC pulse. Namely, the
population of the atom, initially prepared in the ground state, is transferred into the excited state

which the driving pulse first become resonant with.
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Based on these, we anticipate that the interaction of a lambda-atom with the constant-frequency
and the FC pulse may result in creation of a coherent superposition between the excited state and
one of the ground states. Note that robust preparation of coherence between the ground and excited
state have a great importance in high-order harmonic generation and multi-photon ionization in
gases [24, 26, 28, 29, 8689, 124].

In the second case we investigate, the carrier frequency of the non-modulated pulse is far-detuned
from resonance. Namely, its detuning from the atomic resonance is much larger than the Rabi
frequency of the pulse and also the frequency range covered by the other, FC pulse.

The effect of a far-detuned pulse pair (a strong coupling and a weak probe) having constant carrier
frequencies close to two-photon resonance in A-atoms has been already investigated [125, 126]. In
these works, it was proven that the probability of the excitation of the atom is negligible due to the
large one-photon detuning and thus the system could be approximated by a two-state atom through
eliminating the excited state. In [126], the lambda-model was shown to be well applicable for ®*Rb
and 8Rb atoms. Although, since the one-photon detuning was larger than the separation of the
excited states, effective far-detuned dipole moments were needed to be introduced.

Here, we examine the possibility of using the approximation described above if we exchange the
probe field having constant frequency for a stronger, frequency-modulated one. We also consider to
apply this far-detuned coupling scheme for population transfer between two specific magnetic sub-
levels of a ground state! of the 8"Rb atom, using circularly polarized pulses. Our aim is to create
coherent superposition among the ground states without significantly populating any of the excited

states.

3.1 Interaction of a A-atom with a FC and a constant-frequency
pulse

In this chapter we analyze the interaction of a single atom at a fixed location with a pair of laser

pulses, one with chirped frequency and the other one having constant carrier frequency. The time

'F =1 hyperfine level of state 525 2, see Fig. 3.5.
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dependence of the electric field strength of the laser field is given as

—

E(t) ={&& (t)exp[—i(wit + ¢ (1))] + &, () exp [—iwat]} + c.c., (3.1)

where €, is the polarization, wy, is the central frequency, & (¢) is the slowly varying envelope function
of the k' laser pulse (having a constant complex phase) and ¢ (¢) is the time dependent phase due
to the frequency modulation.

These laser pulses act on an atom having A-type linkages: each of them couples a (meta-stable)
ground state |gx) to the excited state(s) of the atom. We consider two limiting cases with respect to
the frequencies of the interacting pulses compared to the atomic transition frequencies. In the first
one (Fig 3.1(a)), the laser pulse having constant frequency wo is on resonance with the transition
from one of the ground states to one of the excited state (|e)). Meanwhile, the frequency of the
other pulse is swept through two-photon resonance. The frequency-range covered by the frequency-
modulation is small enough that the FC pulse stays far from being resonant with any other atomic
transitions. Therefore, it is enough to take into account only one excited state (for more detailed

discussion, see subsec. 1.1.1). In the second case, however, the constant frequency pulse is tuned

lek)

: le1)
/ & o
922 g2)

Figure 3.1: Interaction schemes including a pair of laser pulses having chirped and a constant carrier
frequencies in case of a.) resonant b.) far-detuned coupling

significantly below the atomic transitions (”far-detuned” case, Fig 3.1(b)) and the frequency of the
other pulse is chirped in such a way that it becomes two-photon resonant, but remains far from
one-photon resonance during the interaction time. Since there is not one excited state selected by

resonant driving, several excited states have to be taken into account in the coupling scheme.
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In both cases, we assume that the atom is initially prepared in the ground state coupled by the
frequency-modulated pulse (|g;) with the notations of Fig. 3.1). It is also assumed in both situations
that the atom-laser interaction takes place in a timescale which is significantly shorter than the
lifetimes of the states. Thus, we disregard the decay processes and we describe the time evolution of

the system by the Schrodinger-equation.

3.2 Coherence creation between the excited and one of the
ground states (case of resonant driving)

In this section, we investigate the interaction of the atom with the laser pulses for the case when the

pulse with constant carrier frequency ws is in resonance with the transition |go) — |e).

3.2.1 Mathematical formalism

For describing the atomic states, we use the rotational basis introduced in Eq. (1.23), which incor-

porates the time-dependent phases
Y1 (f()? t) = Bt2/2 P2 (507 t) =0, (32)

where Zj is the location of the atom, assumed to be an arbitrary, fixed value. We assume here a

linear chirp with a rate of 8. Using this rotational basis, the interaction Hamiltonian is given by

Pl = =1 { ~6tl) o1 + 5 1) (o + alnl) + . 33)

Here Q) = U, exp <—ig0,(€0)) is the Rabi frequency belonging to the k' pulse (cf. Eq. (1.28)), with

slowly changing absolute value and constant complex phase.

Coordinate transformation: symmetric-antisymmetric basis

It is convenient for our considerations to introduce the following set of basis states which contains

a symmetric and an antisymmetric superposition of the excited state |e) and the ground state |gs),
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which is coupled to the excited state by the constant-frequency laser field:

by), |bs), |b ip(”) le) + e e l92) le) — e ies” |92)

y [Ys)s |Va) sy = e "1 s ) s 3.4
(b 1), 1)} o)., = (3.4)
where —@2 is the complex phase of the Rabi frequency €2,. The Hamiltonian ﬁres in this coordinate

system reads as

e = = d s+ E2 (el = e + 5 [ o) + ol < e} @)

3.2.2 The results of the numerical calculations

We proceed with numerical solution of the Schrédinger equation

ihO ) = Hres|1h) (3.6)

for the state vector |1/) = cole) + c1]g1) + ca|ga) with the Hamiltonian H,es given in Eq. (3.3). We

assume the same Gaussian envelopes of the laser pulses:
Qi (t) = Qf (1) with f () = exp [—#2/2] | (3.7)

where the time is measured in the units of 7, = 7./ (2\/@) with 7, being the full width at half
maximum and Qg) being the peak amplitudes of the pulses. The population of the bare states of
the atom and the absolute value of the created coherence in the field of the pair of the laser pulses is
presented in Fig. 3.2. As it is seen from Fig. 3.2(b), a maximum value of coherence of 0.5 is created
as a result of the interaction.

In Fig. 3.3, the final absolute value of the coherence between the initially empty ground state
|g2) and excited state |e) is shown by a color map versus the chirp rate and the proportion of the
peak Rabi frequencies. As it can be seen from this Figure, the value of the created coherence is
extremely robust against variation of these parameters. Note that both of these parameters are
given in logarithmic scale.

For efficient coherent enhancement of processes such as multi-photon ionization or high-order
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Figure 3.2: a.) Dynamics of the states’ populations in the laser field and b.) absolute value of the
coherence created between the states |e) and |go). Parameters applied are: the peak Rabi frequencies

ng) = ng) = 30[1/7,)], linear chirp rate § = 20 [1/7’3], and duration of the pulses 7, = 1.5ns.
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Figure 3.3: Color plot of the absolute value of the created coherence versus the speed of the chirp g
and the peak Rabi frequency Qgﬂ) of the laser pulse with constant carrier frequency (in logarithmic
scale): ng) = nQﬁO) with a fixed value of the peak Rabi frequency of the chirped laser pulse ng) =

45[1/71,]. Other parameters applied are: 7, = 3 ns.

harmonic generation, one has to create coherent superpositional states with the same (arbitrary)
phase of the coherence in all atoms of the ensemble. Provided that the interaction takes place in the
adiabatic regime (cf. Sec. 1.3), the scheme under consideration allows robust creation of coherence
with a phase that does not depend on the shape, duration and intensity of the laser pulses or the

speed of the chirp. At the same time, the phase may be controlled by the sign of the frequency
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chirp: for a positive frequency chirp the created coherence has a phase equals 0 radians; while it

equals 7 radians for the opposite direction of the chirp (negative chirp), Fig. 3.4. In the analysis

0.04 |

— — 1.08 ¢
< 0.02 =)
3 o]
© =
L 000} &, 1.06 |
g g 1.04 |
S —0.04 | S
oo _ [ o0
20 —0.06 5 1.02
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1.00 = :
—4 -2 0 2 4 —4 -2 0 2 4
time [7,)] time [7]

Figure 3.4: The phase of the coherence between the initially empty ground and excited states in
7 radians a.) in the case of positive chirp § = 20 [1 /Tzﬂ, and b.) in the case of negative chirp
8 =20 [1/7’5}. Other parameters applied are the same as in Fig. 3.2.

above, the constant phases 9 and 9 of the Rabi frequencies Q; and sy, respectively, are assumed
to be the same. This allowed us to calculate with real-valued peak Rabi frequencies ng) and ng).
In the case when the relative phase A®y = ¢ — ¢ # 0, the phase of the created coherence will be
A®; for positive frequency chirp, and m — A®, for the negative chirp. It means that the phase of
the created coherence can be controlled by the sign of the frequency chirp and, additionally, by the
initial relative phase of the two laser pulses.

Such a behavior of the phase may be explained as follows. The population of the initially popu-
lated ground state is transferred to one of the superpositional states, either the symmetric state with
the coherence having phase of 0 radians, or the anti-symmetric one having coherence with phase

equals 7 radians.

3.3 Creation of coherence between the Zeeman sublevels in

*TRb (the case of far-detuned driving)

In this section, we proceed with the second limiting case of the problem at hand. Here, we wish to
describe the interaction of the atom with two pulses which are significantly detuned from the possible

transitions from the ground states. As it was mentioned above, we need to take into account several
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atomic excited states. That is, it is the level scheme of the atom for which we wish to apply the

interaction scheme that determines which atomic levels are needed to be included into our model.

F=3
9p=2/3
(0.93 MHz/G)
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266.6500(90) MHz
2 [
5°Py, — i
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Figure 3.5: The scheme of the hyperfine level structure of the 525, /2 — 52P3/2 transition (D2 line) of
87Rb

Here, we choose the magnetic sublevels |m = —1) and |m = +1) of the F' = 1 hyperfine level of
the 525 /2 state of ¥ Rb to be the ground states |g1) and |go) (see Fig. 3.5 for the scheme of the
hyperfine level structure of the 525/, — 5Py transition (D2 line) of ¥ Rb [127]). Our aim is to
investigate the two-photon transitions between these two states through the excited state 52P; /2 by
using a pair of laser beams: One with ¢~ circular polarization and constant carrier frequency and
another one with o polarization with frequency swept through the Raman resonance with two-

photon transition between the states |g1) and |go). Here the atomic quantization axis is aligned with
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the light propagation direction. However, both of the central frequencies w; and ws are tuned below
resonance so that their detuning from the transition frequency between states |F' = 1) and |F’ = 0)
is larger than the energy difference between the hyperfine states of the excited state. Fig. 3.6 shows
the possible dipole-allowed transitions induced by this pair of laser pulses, taking into account the

selection rules [111]

F'r=F o F=F+1
mp=mys or mh=mp=+1 (3.8)

F'#£F if my=mp=0

for the hyperfine transition |F'mpg) — |F’'m/,) and also the law of angular momentum conservation
which implies that the m% = mp + 1 and m’, = mp — 1 transitions can be coupled by positively

(67) and negatively (07) circularly polarized light, respectively. We assume for simplicity that there

les) lea) les)F! =2
T 62
v__ F/ — 1

|eg)—————rrrrfe

F'=0

l91) |g2)

Figure 3.6: Diagram of the manifold of the F' = 1 — F” transition in 8"Rb (D, line) with all possible
transitions marked by red and blue arrows. One of the laser pulses (red, thick) has a constant carrier

is at most a very weak magnetic field present, therefore the Zeeman-sublevels have the same energy.
However, the considerations above also holds in the presence of nonzero Zeeman-shifts with a small

modification.
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3.3.1 Mathematical formalism

The interaction of the atom with the laser pulses is described in RWA approximation (cf. sub-

sec. 1.1.3) by the Hamiltonian

2 1 i[Aot— i - i
Hgy, = 5 {51d116m°t 2Wler) (g1 + Erday BTN eg) (g1 | + Exdzy B0 H2) eg) (g
+ 51(141 ei[(A0+51+62)t |€4><g1| + 52d12€lA0t|61><g2’ + ggdgz@ (Ao+o1)t |€2><92|+

g2d426i(A0+61+52)t|e4><92| 4 51d526 [(Ao+61+62)t t>]|e5><gg| +He. }

Here dj; = (e | d | ¢) is the matrix element of the electric dipole moment operator d between the
excited state |eg) and the ground state |g;). Ag = wp—1 pr—o — wo is the frequency difference between
the frequency of the F' =1 — F’ = 0 transition and the constant carrier frequency of the laser pulse
with o~ polarization, d; and J, are the frequency separations between the hyperfine levels |F’ = 0),
|F"=1) and |F' = 2), respectively. ¢ (¢) is the time-dependent phase of the laser pulse with o

polarization due to frequency chirp.

Rotating basis

It is more convenient in further analysis to describe the interaction in a basis which incorporates the

time-dependent complex phases into the rotation of the states:

{l3) = e?D|g1), |G2) = 1g2), [€1) = €2|e1), |Ea) = 20T |ey), (3.10)

|é3> = e[i(Ao+61+62)t+so(t)]|e3>7 |é4> = ei(A0+51+52)t|64>7 |é5> = e[i(Ao+61+62)t—<p(t)],€5>} 7

which leads to the Hamiltonian

Hip, = { ) lg1) (91 +Z [Al ) ler)(ex] + 5 (Q ler) (91| + Qler) (g2| + Hec. )} } (3.11)
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where the couplings (Q! and Q) and the detunings A’ () may be represented as components of the

following ”Rabi frequency vectors” and ”detuning vector”:

> 1
Ql = ﬁ [dllgl d21g1 d31€2 d41g1 0 ] (312&)
|
QQ = ﬁ [d1252 d2282 0 d4282 d5251] (312b)
A(t) = [AO A0+61 A0—|—51 —|—52+g0(t) Ao—|—51 +62 AQ‘I’(S:[ —|—52 —gO(t)], (312C)
where dot denotes the partial differentiation with respect to time ¢.
3.3.2 Analytical consideration
The dynamics of the atomic state
2 5
[W)rn = > ar () |gr) + > b (t)|es) (3.13)
k=1 =1

is given by the Schrodinger equation 0y |¢)) gy, = 7:[Rb|¢>Rb which may be rewritten in the form

iy () + i (1) ar (1) = g S Qb (1) (3.14a)
5 (3.14b)

i (1) = 5 S Qb (1)

=1

B(t) + i AL (8) by (1) = % (Qay (1) + Qay (1)), Ve {1,...,5}, (3.14¢)

where the "vectors” defined in Eq. (3.12¢) for the Rabi frequencies and the detunings were used. Here

we take into the account the assumption that the laser pulses are ”far detuned” from one-photon

resonance, that is

Qo KAy, 012 <K< Ay, ¢ (t) < Ag Vt € [_Tpa Tp] ) (3.15)
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with 7, being the duration of the laser pulses (equal for both of them). Therefore, the time derivatives

b, (t) may be neglected in Eq. (3.14c), to obtain the expressions

~ Qllal (t) + Qéag (t)

by A

, Vie{l,....5) (3.16)

for the amplitudes of the excited states, where A;(t) =~ Ay was also assumed. Substituting the
relations given in Eq. (3.15) into Egs. (3.14a) and (3.14b), we can formulate the relation for the

phase-shifted probability amplitudes a2 (t) = a12 (t) exp [—2’\(21|2 / (2A¢)| of the ground states as

b (1) + i (1) = 5 Vg (1 (3.17a)
Gy (1) + iAo = %Qeﬁal (), (3.17h)

with the effective Rabi frequency and detuning
Ot = 1 - 35/A and A = <|ﬁl\2 - |62|2> /(20). (3.18)

As it follows from Eq. (3.17), in the proposed scheme the interaction of the pair of laser pulses with a
multilevel atomic system may be represented as an interaction of a laser pulse with the effective Rabi
frequency with a two-level system consisting of the two meta-stable states |g;) and |g2). The influence
of the remaining levels is reduced to additional ac-Stark shifts of the transitions described by the
effective detuning given in Eq. (3.18). These Stark shifts compensate each other when A.g = 0, so
that the behavior of the multilevel system under consideration becomes completely equivalent to that
of a corresponding two-level system. This similarity to a two-level atom is useful for interpretation

of the results of the numerical analysis given below.

3.3.3 Results of the numerical simulations

We first consider the laser pulses with the same temporal Gaussian shape, fi (t) = exp [—t?/2], with
the time measured in the units of the pulse length 7, = 7,/ <2\/ In 2), where 7, is the full width
at half maximum. In this case we assume a linear modulation in the carrier frequency of the pulse

having positive circular polarization, so that ¢; (t) = St, with 8 being the speed of chirp. In such a
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Figure 3.7: Shapes (blue curve) and frequencies of a.) Gaussian and b.) bell-like laser pulses used
in the simulations presented as functions of time

case, we analyze the amplitude of the coherence p,, ,, between the two meta-stable states |g1) and |ga),
where pg,4, = a1a5. Next, we study the dependence of the coherence amplitude on the pulse shape,
as well as on the frequency chirp dynamics. For this purpose, simulations with bell-shaped laser
pulses, f5 (t) = cosh™* (), and the time variation of the carrier frequency given by @, (t) = (3 tanh (t)
(see Fig. 3.7), are performed.

To have the numerical analysis adequately describing the experiment, some constraints must be
imposed on the parameters of the applied laser pulses. First of all, we assume that only sublevels
of the F' = 1 hyperfine level are involved in the interaction. This means that both the width of the
Fourier spectrum of the envelope of the laser pulses and the frequency chirp span are smaller than
the frequency distance Ap1o (Ap2 &~ 6.83 GHz) between the two meta-stable (ground) hyperfine
levels F =1 and F = 2 of 8Rb (see Fig. 3.5). For laser pulses with duration 7, the condition for
eliminating the F' = 2 hyperfine level from the interaction is: 1/7,, 87, < Ap12. Another constraint
has to be put on the duration of the laser pulses and the speed of the chirp. Namely, at any time
during the interaction, the frequency of the pulses must remain far from the single-photon resonance,
so the conditions given in Eq. (3.15) along with Aw, ~ 1/7, < A need to be fulfilled, with Aw,
being the width of the Fourier spectrum of the pulse envelopes. At the same time the condition
Ay > T has to be granted, where I' is the natural line-width of the excited states in the case of
motionless atoms (for moving atoms, the role of I' is played by the Doppler width of the relevant
transition). Since we use an adiabatic sweep of the laser frequency through the Raman resonance
and assume that the resonance takes place in the center of the pulses (t=0), the detunings (F/57,)

from the Raman resonance at the leading and rear fronts of the pulse must be large: |3 > 1/7,.
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All these restrictions on the parameters were taken into account in the numerical simulations. The
Rabi frequencies for the allowed transitions from magnetic sublevels of the F' = 1 level to the excited
states of the 525 — 52Py5 transition in *’'Rb were calculated using the values of dipole moments
for the corresponding transitions. In the simulations the following "reduced” Rabi frequencies were
used: W = (gl(O)OJJ> /hand Wy = (52(0)CJJ) /h, where 8{?2) are the peak amplitudes of the ot and
o~ -polarized laser pulses, respectively, while C;; = (J = 1/2 |ler||J’ = 1/2) is the reduced matrix

element (see, e.g. [111]). The dynamics of the populations of states |g;) and |gs) along with the

1.0 f—— - ' ' " 1.0
0.8f 1 _08Ff 2
g m é ay|
206f 1 Eoop
% 0.4} ja*] 2
&> 2404 as
ot [aW)
0.2 5] 0.2 ]
00t — oL ‘ . [b?
—4 —2 0 2 4 00 —4 -2 0 2 4
time [7,] time [7]
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Lof
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—4 -2 0 2 4
time [7)
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Figure 3.8: Dynamics of the populations of the working levels labeled as in Fig. 3.6. |ai|* and |as|”
are the populations of the metastable states and ]bl\Q are populations of the excited states in the case
of a.) linear and b.) nonlinear chirp. c¢.) The amplitude of the coherence p,140 created between the
states |g1) and |go) in the cases of the linear and nonlinear chirp. The simulations were performed
with the parameters Wy = 1565 [1/7,], Wa = 1329 [1/7,], Ag = 1500v/2 [1/7,], and 8 = 30 [1/72].
The durations of the laser pulses are 7, = V2 LS.

populations of the excited states in the field of the laser pulses are shown in Figs. 3.8(a) and 3.8(b)
for Gaussian shaped pulses and linear chirp of the frequency chirped laser pulse, and for the bell-
shaped laser pulse with the corresponding nonlinear chirp function, with initial preparation of the
atom in state |g1). The corresponding amplitudes of the created coherence |p,,,,| are shown in
Fig. 3.8(c). As it can be seen in Fig. 3.8, the proposed scheme offers negligible atomic excitation and

generates maximum coherence. It is also worth noting that the dynamics of the induced coherence
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does not significantly depend on the exact laser pulse shape and frequency chirp behavior. The
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Figure 3.9: Dependence of the absolute value of the created coherence |pg,4,| on the single-photon
detuning A and the speed of the chirp 5 at ¢ = 0 in the case of: a.) linear (¢ (¢)), and b.) nonlinear
(42 (t)) chirp. The parameters applied are: Wy = 1442 [1/7,], Wy = 1280 [1/7,], Ag = 1500v/2 [1/7,)]
and 7, = V2 [4S.

maximum value 0.5 for the created coherence may be achieved for some range of values for the
parameters of the laser radiation. Color maps showing the amplitude of the created coherence are
presented in Fig. 3.9 as a function of the single-photon detuning Ay and the chirp rate g for the two
types of the laser pulse shapes and frequency chirp behavior (see Fig. 3.7). It can be observed that
there are regions of values of Ay and 3 for which the coherence pg, 4, reaches its maximum value. In
order to examine how the regions of the maximum coherence depend on the peak intensities (Rabi
frequencies) of the applied laser pulses, the coherence is calculated as a function of the Rabi frequency
of the laser pulses with fixed values for the other parameters corresponding to the region of maximum
coherence on the color maps in Fig. 3.9. This dependence is presented in Fig. 3.10 as a function
of the peak amplitude of the pulse with constant carrier frequency assuming a fixed product of the
peak intensities of the two pulses. The results of simulations for both Gaussian-shaped laser pulses
with a linear chirp and for bell-shaped pulses with the corresponding chirp function are presented in
Figs. 3.10(a) and 3.10(b). The results show weak dependence on the shape of the pulses and their
chirp functions. As it can be seen from both figures, the maximum value of the coherence is reached
at two different values of the laser peak intensity, nearly symmetrically located around the value at
which the Rabi frequencies of the laser pulses are equal to each other and no coherence is generated.

This result is in agreement with the previous analysis, (see Eq. (3.17) showing equivalence of the
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Figure 3.10: Dependence of the ground-state coherence amplitude on the Rabi frequency of one of the
laser pulses with W; - W5 = const. The calculations are performed for the Gaussian-shaped pulse with
a.) linear chirp and b.) the bell-like pulse with chirp function @, (t) = S tanh (t). The parameters
applied in the simulations are Ay = 1500v/2 [1/7,], 8 = 30 [1/72], Wi - W, = 14427 [1/77], and

Tp = V2 LS.

multi-state system with a two-level atom) according to which a complete population is transferred
from one meta-stable state to the other one and no coherence between the two states is established.
Thus, the points of zero coherence in Figs. 3.10(a) and 3.10(b) represent the complete population

transfer between |g;) and |go) which may be of interest for many applications.

3.4 Summary

Coherent coupling by a FC and a constant-frequency laser pulse has been analyzed in this chapter,
in two limiting cases. In both cases we regarded A-type configurations, where each pulses couple
a corresponding ground state to the excited state(s). The frequency of the chirped pulses is swept
through two-photon resonance. The difference between the two cases is made by the one-photon
detuning of the constant frequency pulse. In the first case we have assumed that it is exactly
resonant with an allowed transition of the atom, and thus during the interaction, one- and two-
photon resonance occurs in the same moment. On the other hand, in the second case we have
regarded the pulses are far detuned from the frequencies of transitions to any possible excited states.

We have seen that the two limits of one-photon detuning result in substantially different popula-
tion transfer mechanisms. First, when it comes for applying the scheme to real atoms, the resonance
condition makes it possible to use the simple atom model. In contrary, if the one-photon detuning

exceeds the splitting between the excited states of actual atomic level structure, several excited states
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are needed to be taken into account. On the other hand, the two cases also differ strongly in the
point of populating the excited state.

As our results show, the resonant limit of coupling results in creation of maximum coherence
between the excited state and the ground state driven by the constant-frequency pulse. It is demon-
strated that the scheme is robust against relatively large variations of the parameters of the laser
pulses. While the absolute value of the coherence does not depend on the phase relations between
the laser pulses and the chirp of the frequency modulated laser pulse, the phase of the coherence may
be controlled by the (constant) relative initial phase of the laser pulses and by the direction of the
frequency chirp. The underlying physics of the process can by explained by introducing symmetric
and anti-symmetric superpositional states.

The extreme robustness of the proposed scheme makes possible an effective generation of the same
(maximum) coherence between the ground and excited states in an atomic gas with approximately
the same value of the coherence across the laser beams even if the beams are tightly focused. This is
especially important when the prepared atomic medium is used for generation of high-order harmonics
requiring tight focusing of laser radiation for achieving ultra-high light intensities. In addition, since
robust control of the phase of the created coherence is possible simultaneously for all atoms in an
ensemble, the proposed scheme may also be applicable in other processes of coherent nonlinear optics
including nonlinear wave mixing and anti-Stokes or hyper-Raman scattering.

In the case of the far-detuned limit, in accordance with our anticipation, the majority of the
population remains in the ground states. Since the population of the excited states is negligible
during the whole interaction process, the system can be approximated by a two-level atom, with
an effective Rabi frequency. For a simple model atom including only one excited state, complete
population transfer is induced between the two states (which coincide with the original ground
states), via rapid adiabatic passage.

However, this simple model has to be reconsidered when we wish to describe the population
dynamics induced by the far detuned, circularly polarized pulses among the Zeeman-sublevels of a
real atom. In this case, we need to add an extra time-dependent term in the description, which
modifies the population redistribution process between the two states. Our result indicates that as
a result of the interaction, a superposition between the ground states is established, which depends

on the proportion of the peak amplitudes of the interacting laser pulses. We have shown that by
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properly choosing the parameters, maximum Zeeman-coherence is possible to create. Note that the
presented method allows coherent control of the Zeeman-sublevels without significant excitation of

the atom. Thus, it allows avoiding the decoherence due to the spontaneous emission from the excited

state.
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Chapter 4

Coherence creation in optically thick

medium

In the previous chapters, we concentrated on adiabatic control (AC) in single atoms and we re-
garded the laser pulses as given control tools. However, when AC is performed in an optically thick
medium [90-93], the back-action of the atoms on the laser fields and other effects, such as interaction
of the laser pulses with each other become important. Therefore, these effects are needed to be taken
into account and thus the laser fields turn to be regarded as dynamical variables from parameters.

In case of the interaction of an optically thick medium with a couple of quasi-resonant electro-
magnetically fields, two, interconnected problems emerge. The questions to be addressed are, in one
hand, that how the radiation field is affected by the medium while propagating in it and, on the
other hand, in which state the medium is driven by the propagating laser radiation.

Preparation of the atoms of a medium in coherent superposition of the quantum states may
significantly modify its optical properties leading to very interesting and important propagation
effects, like electromagnetically induced transparency (EIT). In the EIT-based schemes (see [36, 37,
94] and references therein), an intense laser-pulse (of constant carrier frequency) renders the whole
medium transparent for a weak probe pulse in Raman resonance with the intense one. In this scheme,
there is no substantial population redistribution.

Nearly lossless propagation was demonstrated in the case of constant frequency pulses having
identical [128] and complementary pulse envelopes [129], and also for a single FC laser pulse in

optically thick media consisting of lambda-atoms(see Fig. 1.2(a)) [91]. In the above mentioned
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schemes, the lossless propagation of the electromagnetic field(s) was ensured by initially preparing
the medium to a dark superposition of the ground states. This means that no excitation occurs in the
atoms during the interaction, which significantly reduces the back-action of the atoms on the laser
field. As a result, basically the same population-control mechanism was established in the atoms of
the extended medium even for significant propagation distances.

On the other hand, it has been shown in [96] that for a sufficiently intense laser pulse pair having
constant frequencies in Raman resonance, lossless propagation is possible in a medium of A-atoms
even if the initial preparation of the atoms does not coincide with the dark state. The explanation
is that the laser pulses become distorted by the interaction with the medium in such a way that
the initial preparation of the atoms corresponds to a dark state for the pulse-pair after propagating
some distance. In this sense, the interacting laser pulses become matched to each other through
the interaction with the atoms of the medium. This matched-pulse case obviously differs from the
previous ones in the point that, in this case, the population-distribution process inside the medium
is significantly changed compared to the one at the boundary.

In earlier works of our group [75] and [77], several interaction schemes including single lambda-
atoms and FC pulses were considered. Comparing these schemes we may conclude that the population
transition process induced among the states of the lambda-atom depends on whether the coupling
of the two ground states are in Raman resonance. It was shown in [77] that a nearly excitation-free
population transfer may be established among the ground states with a single FC pulse which can
couple both of the transitions, provided that there is an energy difference between them (i.e. there is
a Raman detuning between the couplings). In [91], it was demonstrated that this scheme is possible
to be applied in optically thick medium for inducing a population transfer between the ground states
of the lambda-atoms which built up the medium.

In contrast, the action of a pair of strong Raman-resonant FC pulses on a single atom results in
adiabatic excitation of the bright component of the superposition of the ground states leaving intact
the dark component of this superposition [75]. As a result, a coherent superposition of the ground
states is robustly created along with excitation of the atom. This excitation, however, is detrimental
for the created coherence: One has to transfer the population of the excited state to another ground
state to preserve the created coherence from the destructive effect of the spontaneous decay.

In this chapter, we examine the possibility of applying this interaction scheme containing a
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Raman-resonant pulse pair in optically thick medium of lambda-atoms. We investigate whether the
Raman-resonant pulse pair is able to propagate in the medium despite of the fact that, unlike the
Raman-detuned case, it causes a significant excitation in the atoms at the boundary. Based on the
similarities of our case to the one analyzed in [96], we anticipate that there is a matching effect for
frequency-modulated laser-pulse pairs as well.

We are also interested in the population transfer mechanism which is induced by the potentially
propagating laser pulses inside the medium, which may differ strongly from the one at the boundary
of the medium because of the distortion in the laser pulses caused by the macroscopic polarization.
Our aim is to find a mechanism which is suitable for preparing the majority of the atoms in the

medium in a controllable superposition of their the ground states.

4.1 Propagation of a Raman-resonant FC pulse pair in an

optically thick medium consisting of lambda-atoms

4.1.1 Mathematical formalism

We use the semiclassical approach introduced in Section 1.2 for studying the propagation of the FC
pulses in a medium consisting of A-atoms in one given direction. The internal electronic state of
the atoms is treated in the frame of quantum mechanics, while the laser pulses are described by the

classical electric field

2
E (1,t) = Z € [5i (z,t) - ¢ ilwit—kiz) | C'C'L (4.1)

i=1

and their propagation is described by the by the Maxwell equation. Here we have used the same
notations as in(1.7), i.e. & (z,t), w; and k; denote the envelope function, the central frequency and
the wave vector of the i*® pulse (i € {1,2}), respectively. The medium in which this classical pulse
pair propagates is modeled by identical, noninteracting and motionless A-atoms, which are initially
prepared in one of their ground state (for example, in |2)).

We assume that the requirements for the time scales and the couplings given in subsection 1.1.7

are fulfilled. Namely, the both dipole-allowed transitions of the lambda-atoms are separately coupled
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2

Figure 4.1: Level scheme of the lambda-atom. The dipole-allowed transitions (between the excited
state |0) and the lower metastable states |1) and |2), respectively) are each coupled by a frequency
modulated (FC) laser pulse. In this chapter, we consider Raman-resonant coupling, i.e. §; = dy = 0.
The atoms are initially prepared in state |2).

by a laser pulse having an envelope slowly varying in space and time. In accordance with this
assumption, we describe the system in the frame of the rotating wave and the slowly varying envelope

approximations (see subsecs. 1.1.3 and 1.2.2). The interaction of an arbitrary atom localized in the

region [z, z + dx] with the laser pulses is described by the interaction Hamiltonian (cf. Eq. (1.22) )

Hnt)=-hY [—5|k><k| + <%Qk (2, 1) 0 (k| + Hc)} (4.2)

where Q (z,t) = |Q] - e @Dk € {1,2} is the Rabi frequency (see Eq. (1.17)) of the k*® laser
pulse, with the change of the frequency included in the phase ¢y (z,t). In the considered case, the
propagating pulse pair is in Raman resonance, which means that their central frequencies (w; and
wsy) are detuned from the corresponding transition frequencies by the same amount of d. For the sake
of simplicity, we now set this common detuning to be zero.

For later convenience it is worth introducing

=/ (4.3a)
r=(t—z/c) /T, (4.3b)

dimensionless, retarded space and time coordinates. The time is measured in the unit of 7,, which
characterizes the duration of the pulses. For the normalization of the space coordinates we introduce

the absorption length of a laser pulse of constant frequency wy, in a medium consisting of resonant
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two-level atoms with a density of A, which is given by [39]

€0hC
S 44
©= New da* T (44

where 7' is the natural lifetime of the excited state and d 4 is the dipole moment of the coupled atomic
transition. Although there are two atomic transitions in the present case, it is consistent with our
previous approximations to regard a common absorption length for both coupling pulses by setting
|do1| = |do2| = da, wr, = (w1 +wy) /2 and T = 2/Ty = 2/Ty = 2/T', where I'; is the longitudinal
relaxation rate from the excited state |0) to the metastable state |i), i € {1,2}.

We describe the response of the atoms for the ingoing laser radiation inside a certain space-interval

by the master equation

2
0.5 (€7) = = [H(6:7),5(€7)] = 2X10)Olouo (€,7) + 3 o (€ 1) INKT (45)
k=1

— (Cpok (€, 7) [0) (k[ + H.c.)],

where pr = (k|p|l) and p (&, 7) is the average density matrix defined in Eq. (1.43). Since the change
in the electromagnetic field is neglected inside a small segment, the Hamiltonian H (&, 7) which drives
the evolution of the average density operator is formally the same as in Eq. (4.2).

The atoms of the medium may affect the propagating laser pulses by means of basically two
mechanisms: by spontaneous emission from the excited state and by dipole-radiation [96]. In the
present case, we regard a weakly decaying regime: we assume that the lifetime of the excited state is
about an order of magnitude longer than the pulse duration. The action of the atomic dipoles on the
laser radiation propagating in the field can be taken into account by the macroscopic polarization
of the medium. This polarization, induced by the laser fields at a certain space segment [£, £ + 0¢]
(see Eq. (1.42)) is proportional to the average of coherences pg; and pge between the ground states
|1) and |2) and the excited state |0) of the atoms located there. Pursuing the deduction presented

in sec. 1.2, we have the following equation for the Q; Rabi frequency of the k" laser pulse:

%Qk (& 7) = iapo (&, 7), ke{l,2}. (4.6)
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Note that this differential equation system is analogous with Eq. (1.50), although it has a simpler form
in the retarded coordinates given by Eq. (4.3). We assume that the coupling strength between both
laser modes and the corresponding dipole transitions are the same and described by a = 7,/ (27).
This assumption is valid for example for two laser pulses having o™ and o~ polarizations, interacting
with a FF'=1 — F’ = 0 transition of an atom.

In order to study the behavior of the propagating FC pulses and the atomic transitions induced
by the laser field, we solve the system of differential equations formed by Egs. (4.5)) and (4.6)
numerically. We use the following boundary conditions of two Gaussian, linearly chirped pulses

entering the medium at £ = 0 (see Fig 4.2(a)):

D (€= 0.7) _ 0] —r2(dis a
{Qg (520,7'):| - {192} G, g e R ke {1,2) (4.72)
p (&7 — —o0) =2)(2], (4.7D)

where 1 and vy are the peak amplitudes of the laser pulses at the entrance of the medium. The
parameters {¥1, 02, 5, 7, } in what follows are chosen in such a way that the conditions of adiabaticity

(see subsec. 1.3) are fulfilled.

Symmetric-antisymmetric basis

For further investigation of the population dynamics in arbitrary segments of the medium, it is useful
to introduce a basis transformation on the atomic states adapted to the boundary conditions given

in Eq. (4.7), which leads us to the following symmetric-antisymmetric basis:

{10 |s). la}} = {|o>, DL Vel L) 2 } where 0 = /% + 03 (4.8)

The Hamiltonian in this new basis becomes

Hg, (&,7) —hz (&, 7)10)(j| + H.c], (4.9)

JjEs,a
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where we have defined the effective Rabi frequencies as

o] = [l et o

for the couplings between the excited state |0) and the symmetric and antisymmetric superpositional
states |s) and |a), respectively. The spatial dependence of the coupling obeys formally the same

differential equation as the original Rabi frequencies:

where ¥, € R Vk € {1,2} was utilized. Transforming the boundary conditions according to Eq. (4.10)

Figure 4.2: Boundary conditions given in a.) the original atomic basis b.) the symmetric-asymmetric
basis. All the atoms in the medium are initially prepared in the metastable state |2), which corre-
sponds to a coherent superposition in the symmetric-antisymmetric basis given by the peak ampli-
tudes vy and vy of the ingoing laser pulses.

yields a set of boundary conditions which is more convenient for our purposes, as it only contains

one ingoing laser mode (see Fig 4.2(b)):

[Qs (€ iO’T)} _ m e (3+8) (4.12a)

P&, T = —00) = =5 (Vas) — Vhla)) (Va(s| — V1 {al) . (4.12b)

Rotating basis for the adiabatic approximation

In order to use the adiabatic approximation for the dynamics of the state of the atoms in a certain

space segment, we need to describe their interaction with the laser radiation using an interaction
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picture in which the interaction Hamiltonian only contains slowly varying matrix elements (in the
scale of the interaction time). It follows from the form of the boundary conditions (4.12) that the Rabi
frequencies Q;, j € {a,s} (as well as Q, k € {1,2}) contain a time-dependent phase, which may
prevent us from applying the adiabatic approximation for the eigenstates of the Hamiltonian (4.2).
Instead, we have to describe the atomic dynamics in each segment by using the following rotating

basis vectors which suits to the phase dependence of the coupling (cf. (1.23)):
{10),13), |a)} = {[0), [s)e &7 |a)e =&)Y, (4.13)
Very similarly to Eq. (1.28), the interaction Hamiltonian in the rotating basis reads as

=1 3 |0 €I+ 5 (9 €I+ e
j€{s,a}
¢;, j € {s,a} being the phase of the Rabi frequency Q;, j € {s,a} (c.f. Eq.(1.17)). Note that this

transformation does not change the absolute values of the coefficients in the system’s state vector.

4.1.2 Atom-laser interaction near the boundary of the medium

We first describe the interaction of the atoms with the Raman-resonant FC pulse pair at the boundary
of the medium in the symmetric-antisymmetric basis. (The results are also valid approximately for
an optically dilute medium). It is easy to see from Eqgs. (4.14a) and (4.12) that the antisymmetric
state |@) is an eigenstate of the Hamiltonian H,, (€ = 0,7) since the coupling €, is 0 for & = 0.
Thus, it remains unchanged during the interaction. The other metastable state |s) and the excited
state |0) form a two-state atom coupled by a FC pulse. As we have discussed in subsec. 1.3.3, the
FC pulse drives a rapid adiabatic passage from state |§) to the excited state |0), [41] (see Fig. 4.3).
Since the antisymmetric state is decoupled from the excited state, it represents a dark state for
the Raman-resonant FC pulses. Similarly to the original case of constant frequency matched pulses
propagating in media of A-atoms [95, 96|, the initial preparation of the atoms given in Eq. (4.12) does
not coincide with the "dark” state. Based on the above considerations in the frame of the adiabatic
approximation, the atoms at the boundary are expected to be transferred from a superposition of

the ground states |§) and |a) to a superposition of states |5) and the excited state |0). This result is
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Figure 4.3: Eigenvalues of the Hamiltonian 7., (Eq. (4.14a)) which describes the atom-laser system
at the boundary of the medium (¢ = 0). The eigenvalues belonging to the diabatic states are plotted
with dashed lines which correspond to states |0), |$) and |a), respectively. The eigenvalues of the
adiabatic states are plotted with solid lines. The antisymmetric state |a) is an eigenstate of the
Hamiltonian H,, with an eigenvalue of \; = 0. The eigenstate belonging to Ay evolves from the
excited state |0) to the symmetric state |§), while the other eigenstate belonging to A3 follows the
inverse path (|5) — [0)).

in perfect agreement with the numerical solution of the master Eq. (4.5) at £ = 0, which is depicted

in Fig. 4.4.
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Figure 4.4: Dynamics of the atomic populations in the symmetric-asymmetric basis at the boundary
of the medium. The parameters used for calculation are ¥; = 30[1/7,], 92 = 27[1/7,], 8 =7[1/72].

In order to understand the laser propagation, it is important to analyze the time evolution of
the coherences py, and pos. The behavior of the absolute values of the coherences (see Fig. 4.5(a))
are easily understood from the predictions of the adiabatic approximation. Since there is a complete
population transfer between states |s) and |0), the absolute value of the coherence between them is 0
in the beginning and at the end of the interaction, and only differs from zero during the population
transfer with a maximum value of 93/ (299?). The time evolution of |pg,| is determined by the change
of the population of the excited state |0) in time, since the population of state |a) remains unattached,
as it is a dark eigenstate of the dressed atoms at the boundary of the medium.

In parallel with the excitation of the atom, a coherence pg, = 1¥192/9? is established as a result

of the interaction. The time evolution of the phase of py, is determined by the phase of the coupling
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Figure 4.5: Time evolution of a.) the absolute value and b.) the phase of the atomic coherences at
the boundary of the medium. For the absolute values of the coherences, the solid lines show the result
of the numerical solution of the master equation for £ = 0 using the same parameters that are given
in Fig. 4.4. In the case of the phase of the coherences, the dots represent the result of the numerical
solution, and the solid lines are the fitted functions: The function S, + ;72 is fitted on the values of
pos (6 =0,7) and on py, (§ = 0,7 < —1.57,) with the fitting parameters of {3; = —6.99, 55 = 0.04}
and {0 = —7.01, 8§ = —34.35}, with 55 — 85 = A¢ = 107 + 0.957. A different function determines
the time evolution of py, (§ = 0,7 > —1.57,): the function ag + ay exp (—mexp [ae7] /2) is fitted on
the values, with the parameters {ag® = —0.78, o = —80.12, a4® = 0.76}

pulse Qg, which is set to be linearly chirped. Indeed, it is clearly seen from Fig 4.5(b) that the
quadratic function 3y + (5172 accurately fits the numerically calculated results of arg (pgs). The
behavior of the phase of the coherence between the excited and the asymmetric ground state pq, is
more complicated. Its time function starts as the same quadratic one as for pys, but the evolution
changes approximately at 7 = —1.57,, and it tends to a constant value as ag+a exp (—m exp [aa7] /2).

Note that the complex phase functions can be tuned by n x 27, n € Z, thus the fitting parameters

Bo and «q are undetermined up to a free constant times 2.

4.1.3 Dynamics of the atoms inside the medium

Let us now consider the time and space evolution of the effective Rabi frequencies €2, and €2,. In the
symmetric-antisymmetric basis, only one strong coupling field (€2;) enters the medium of A-atoms,
which are prepared in a superposition of states |a) and |s) (c.f. Eq. (4.12)). In the course of the
coherent transition process between the atomic states induced by 2,, a coherence is established
between the asymmetric and the excited state of the atoms close to the boundary, with a time
function of its phase described in the previous subsection (c.f. Fig 4.5). This coherence generates

the laser field €2,, which strongly influences the transition process between the atomic states in the
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further part of the medium (see Fig. 4.6). Namely, the majority of the population is transferred into
the asymmetric state |a), and the excitation of the atom is drastically reduced (it does not exceed
5% during the whole interaction). Thus, although complete population trapping is not established
as in the case of the constant frequency matched pulses [96], a quasi-dark state is created by the

two modes (2 and €2,. The absolute values of the atomic coherences py, and pgs become smaller for
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Figure 4.6: Dynamics of the populations of the atomic states inside the medium (§ = 40&) in
the symmetric-asymmetric basis. The parameters used for the calculation are the same as given in
Fig. 4.4.

atoms at larger propagation distance &, and the time function of their phases has the same character
at any propagation length (see Fig. 4.7). An important difference can be observed compared with
the case of £ = 0: at the time points where |po,| = 0, there is a jump of 7 in the phase arg (po,). This
jump occurs because the sign of the coherence changes at these points, which indicates an oscillating
behavior of the populations and coherences induced by the interaction with the pulse pair of 2, and
Q.. The time evolution of the absolute values and phases of the effective Rabi frequencies {2, and
), at a given space point of the medium (£ = 40&) is presented in Fig. 4.8. The coupling field €
is only slightly modified during the propagation. The pulse envelope remains Gaussian with a good
approximation after a propagation of multiple times of the absorption length &;. The change in the
envelope of the effective Rabi frequency (), is presented in the inset of Fig. 4.8(a). It can be observed
that after 40&, of propagation, the distortion from the boundary condition is less than 4% of the
pulse area. The phase function with respect to time inside the medium also has the same character as
at the boundary: the same quadratic function 3y + 3,72 fits the data in Fig. 4.8(a), so the frequency
of this effective field changes linearly in time. Thus, the incoming laser mode (), preserves its initial
properties during the propagation in the medium, with only a small loss in the pulse envelope. It is

worth noticing that the presence of this loss is crucial for this quasi-lossless propagation mechanism,
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Figure 4.7: Time evolution of the absolute values and phases of the atomic coherences pys (a.) and
poa (b.) inside the medium (£ = 40&,). (Inset: Magnification of the plot showing the time evolution
of the phases between 7 = —1 and 7 = 4.) The solid lines in case of the absolute values and the dots
in case of the phases are results of numerical calculation with the same parameters as in Fig. 4.4.
The solid lines that connect the dots are functions fitted on the points. The same fitting functions
were used as in case of the coherences at the boundary (see Fig. 4.5) and the fitting parameters also
proved to be the same. The only exception is [y which needs to be shifted by 7= at the point where
there is a jump in the data.
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Figure 4.8: Absolute values and phases of the effective Rabi frequencies Qg (a.) and Q, (b.) as a
function of the retarded time at a fixed space point inside the medium (§ = 40&;). (Inset: Mag-
nification of the plot showing the time evolution of the phases between 7 = —1 and 7 = 4.) The
parameters used for the calculation are the same as given in Fig. 4.4. The solid lines in case of the
absolute values and the dots in case of the phases are results of the numerical calculation. The solid
lines that connect the dots are functions fitted on the points. The same fitting function was used as
in case of the coherences, except for the constants, which are shifted by 37/2 (see Fig. 4.5)

because the generated field €, gains its energy from it. Since the source of this field in the Maxwell
equation is proportional to the coherence between the excited and the asymmetric ground state |a),
it is plausible that the phase evolution of both the Rabi frequency 2, and the coherence pg, possess

a very similar character (c.f. Figs 4.7(b) and 4.8(b)). As it is demonstrated in Fig. 4.8(b), the same
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curve fits the numerical values of €2, as in the case of the coherence py, at the boundary as well as
inside the medium, with almost the same fitting parameters. The only difference is a shift of —3m/2
in the constant parameters ag and [y. Similarly to the coherence p,o, the induced Rabi frequency
), shows an oscillatory behavior, and there is a phase-jump of 7 in the phase at every retarded
time point where (), = 0. The time evolution of its phase is close to constant for approximately
7 > 1.57,. This means that the excited and the asymmetric ground states |0) and |a) are coupled
by a train of small resonant pulses having nearly constant frequency, with a phase difference of 7
between the adjoining pulses. The pulse areas of these small pulses are much less than 7, thus as a
result of the interaction with one pulse, a small part of a Rabi-cycle proceeds between states |0) and
la). After this interaction, the process is reversed because of the next pulse which has an opposite
sign (7 phase-shift). Once this oscillation appears in the coherence py,, it affects the formation of

the field €, that is why the further this pulse propagates the smaller pulses appear (see Fig. 4.9).
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Figure 4.9: Absolute value of the effective Figure 4.10: Final populations of the atoms

Rabi frequency €1, as a function of the re- at different space points £ in the symmetric-
tarded time coordinate and the propagation antisymmetric basis. The same parameters
distance. The parameters used for the calcu- were used for the calculation as in Fig. 4.4.

lation are the same as in Fig. 4.4.

Our calculations show that the population control process induced by the laser pulse pair changes
in the course of their propagation in the medium. At the boundary and within one absorption length
&o, a significant part of the population is transferred into the excited state. After a few absorption
lengths, the excitation of the atom decreases, and although shows an oscillatory behavior, it is always
below 5% for atoms that are located at space positions £ > 6&, (see Fig. 4.10).

Notice that from a small distance away from the boundary, the final population of the symmetric
state |s) is zero (up to the precision of the calculation). It is an important feature, because it means

that the final population distribution among the atomic ground states is exactly determined by the

97



CHAPTER 4. COHERENCE CREATION IN OPTICALLY THICK MEDIUM

antisymmetric superposition |a). This property is different compared to the case of the matched
pulses with constant frequency [96], where a small amount of population is always transferred into
the symmetric state. From the temporal behavior of the eigenvalues of the interaction Hamiltonian
Hea (see Fig. 4.11) one can see that frequency modulation is the cause of the difference. It is known
from the literature (see e.g. [130] and references within) that in the constant-frequency case, the
transparency occurs through a STIRAP-like mechanism. Namely, as a result of the action of the
atoms of the medium, one of the coupling pulses is shifted in time so that population trapping is
established, and the excited state is decoupled from the system. The final distribution of the popu-
lation among the ground states is determined by the intensities of trailing edges of laser pulses [92],
which may significantly vary at different locations.

On the other hand, the frequency modulation of the incoming laser mode €2 defines a different
transfer process in the atoms of the medium. We have already seen that at & = 0 there is an
avoided crossing between two eigenvalues (A and A3) with a gap between them. This gap is large
enough to restrain the mixing of the populations initially set into the eigenstates belonging to the
two eigenvalues (let us denote them by v, and v, respectively), that is why it is possible to use the
adiabatic approximation. If we regard the eigenvalues of the interaction Hamiltonian which describes
the dynamics inside the medium (§ > &), we notice that a practically same gap characterizes the
spectrum, so the subspace spanned by v, is separated just like for the Hamiltonian at £ = 0. The
difference between the eigenvalues typical for & = 0 and £ > &, is caused by the appearence of the

coupling field €2,, which is generated by the back-action of the atoms of the medium. In the presence
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Figure 4.11: Eigenvalues of the Hamiltonian H,, (Eq. (4.14a)) which describes the atom-laser system
far from the boundary of the medium (§ = 40£,). The notations are the same as in Fig. 4.3

of the coupling €2, the space of states is divided to a temporarily degenerate subspace spanned by

the eigenstates v and v3 belonging to the eigenvalues A\; and A3, and to the subspace of U5. As the
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atoms are prepared in the superposition of |a) and |s), the whole process takes place in the former
subspace, which indicates that the population of the symmetric state |s) becomes 0 at the end of
the interaction. (However, because of the degeneracy, the suppression of the excitation cannot be

explained in the frame of this adiabatic picture.)

4.1.4 Description of the system in the original basis

From the point of view of possible applications it is useful to "translate” our results into the
symmetric-asymmetric basis and with the effective couplings €2, and €2 to the original atomic basis.
In Fig. 4.12 the population transfer process is presented in the original atomic basis at the boundary
and at a given propagation length inside the medium (§ = 40&,). At the boundary, the Raman-
resonant pulse pair induces a coherent population transfer which distributes the population initially
prepared in state |2) into a superposition of the three atomic states. The population of the excited
state as a result of the interaction with the pulse pair is pgg = 92 /9? coinciding with the population of
state |s) at the beginning of the interaction, while the populations that remain in the ground states
after the population transition process are p;; = (9393) /U2 and poy = 9]/09?, respectively (which
coincides with the initial population of the asymmetric state |a)).

Note that the requirement of Raman resonance between the couplings plays an important role
in the whole process. That is, a substantially different population evolution is induced by Raman-
detuned couplings of the two allowed transitions [77], which leads to population transfer between
the ground states, along with negligible excitation of the atom. Thus, in the Raman-detuned case,
the initial preparation of the atoms (Eq. (4.7)) coincide with the dark state, and, as it was shown
in [91], results in a quasi-lossless propagation of the coupling FC pulse in the medium accompanied
by the same induced population transfer mechanism inside as at the boundary. In contrast, in the
present case including Raman-resonant coupling, both the pulse envelopes and the time function of
the phases of the pulses are modified by the interaction with the medium after a short propagation
length. The modification takes place in such a way that instead of exciting the atom, the pulses
drive the main part of the population into the (J5|1) — 11]2)) /9 superposition of the ground states,
which is the asymmetric state |a) (see Fig. 4.14).

Note that, similarly to the constant frequency case [96], not all the population is transferred to
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Figure 4.12: Evolution of the populations as a function of the retarded time 7 a.) at the boundary
and b.) at a typical propagation length inside the medium (§ = 40&y). The parameters used for the
numerical calculations are the same as in Fig.4.4.

the asymmetric superposition. In case of the FC pulse pair it is the excited state which is slightly
populated but in the weakly decaying regime under consideration this does not disturb significantly
the preparation of the medium into a well-defined superpositional state controlled by the peak Rabi
frequencies of the ingoing pulses, as is shown in Fig. 4.13(a). Fig. 4.13(b) demonstrates the advantage
of the frequency modulation of the laser pulses. Since the matched pulses having constant frequency
transfer a varying (though small) amount of population into the symmetric superposition |s) in case
of atoms at different space points &, the induced population distribution among the atomic states

changes significantly as a function of ¢ (see Fig. 4.13(b)). The Rabi frequencies can be expressed
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Figure 4.13: Final populations of the atoms at different space points & in case of a.) frequency-chirped
b.) constant frequency pulse pair. Inset: Final populations close to the boundary (£ < 6&) for a FC
pulse pair. After a few absorption length &, of propagation, the FC pulse pair transfers the majority
of the atomic population to the antisymmetric superposition of the ground states, while in case of
the matched pulses having constant frequency, the final state strongly varies with £. The parameters
used for calculations are: ¥, = 30[1/7,], ¥2 = 27[1/7,], B = T[1/72] and 8 = 0, respectively.
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Figure 4.14: a.) Envelope functions of the pulses at the boundary (dashed lines) and at £ = 40&,
(solid lines) b.) The phases of the Rabi frequencies as a function of the retarded time 7 at the
boundary (dashed lines) and inside the medium (solid lines). The same parameters were used for
numerical calculation as given in the caption of Fig.4.4.

by the symmetric and asymmetric Rabi frequencies as

IR PR

Ql = KQS + gQa (414&)
Vo W

Qy = —0Qy — —Q,. 4.14b

=20, (114b)

As the pulses propagate in the medium, energy is transferred from €y (which couples the transition
where the atoms are prepared) to ;. Since €2, is one order of magnitude weaker than 2, even
after propagation length of many times &, (c.f. 4.8), the distortion is small. In this sense it can be
stated that the FC pulse pair propagates quasi-transparently and that it can prepare a well-defined

coherent superposition of the ground states in an extended medium of great optical depth.

4.1.5 Summary

We have analyzed the propagation of a pair of Raman-resonant, linearly frequency modulated strong
laser pulses in an optically thick medium, which is modeled as a motionless and noninteracting
ensemble of A-atoms. We have demonstrated that quasi-lossless propagation of FC pulses is possible
not only when the medium is initially prepared in a quasi-dark state [91], but through a matching
effect between the two pulses. Namely, although the Raman-resonant pulse pair causes a significant
excitation in the atoms close to the boundary of the medium, the excitation of the atoms becomes

negligible in the medium at larger propagation length. Excitation of the atoms near the boundary
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of the medium, however, plays an important role in generation of a macroscopic polarization, which
interaction with the FC pulses results in the matched quasi-lossless propagation of the pulses in the
optically thick medium.

By analyzing the dressed states of the atoms, we have demonstrated that the FC pulse pair
induces a population transfer mechanism substantially different from the transfer process typical
for the matched pulses having constant carrier frequency. The FC pulse pair, in the course of its
propagation transfers the majority of the atoms of the medium into approximately the same coherent
superposition of their ground states. In contrary, the population distribution among the ground states
induced by the constant frequency pulse pair may change significantly at different locations in the
medium.

We have shown that the composition of the coherent superposition, established by the propagating
FC pulse pair, depends on the peak amplitudes of the these laser pulses at the boundary of the
medium. Therefore, the magnitude of the coherence created by the interaction may be tuned by
parameters which are easily controllable experimentally.

The obtained results, especially those concerning the robust creation of coherence between atomic
metastable (ground) states in a spatially extended, optically thick medium may find important
applications in schemes of frequency conversion through nonlinear optical mixing processes, as well
as in other nonlinear processes where the initial preparation of an extended medium in a coherent

superposition state is needed.
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Summary

Control of atoms or atomic ensembles by laser radiation is an important and quickly developing field
of quantum optics, which serves as a basic tool in numerous significant fields of modern physics,
such as trapping and cooling of atoms and molecules [10-13], nonlinear optics[24-38], processing of
optical information [17, 21-23], quantum computation [14-20] and many others.

One of the main tasks to achieve is coherent preparation of the atomic inner state, that is, the
state of the valence electron of the atom, for which a large variety of techniques exists. A laser
pulse, resonant with an atomic transition, induces Rabi oscillation occurs between the population of
the atomic states. The population distribution established by the laser depends on the area of the
Rabi-frequency. Complete population inversion may be established for example, if this area equals
(2k + 1) 7,k € N. However the sensitivity of this scheme to variations of the pulse area and the
resonance conditions results in difficulties in experimental realization [39].

More robust control of the atomic states are allowed by adiabatic control(AC) schemes[40-42]
which are based on gradually tuning one of the interaction parameters in time in order to drive the
atomic populations along the adiabatic states of the system.

One of the most-used AC schemes is Stimulated Raman Adiabatic Passage (STIRAP) [40, 41, 45~
52], where the control of the states of a A-atom is achieved by two, constant-frequency laser pulses,
time-delayed in the counter-intuitive order. Being sensitive to the two-photon resonance conditions,
this scheme allows complete population transfer between the ground states, without excitation of the
atom. With some extensions to the STIRAP scheme [53-59], coherence creation among the atomic
states is also possible.

Another, widely applied AC method is rapid adiabatic passage (RAP), which is based on varying
the detuning between the frequency of the interacting laser fields and the atomic transitions in

time [60]. One possibility is using laser fields with constant carrier frequency and shifting the energy
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level of the atomic excited state, as it happens in case of Stark chirped rapid adiabatic passage
(SCRAP)[61-66] by making use of the Stark-effect. This method is not sensitive to the resonance
conditions, but the population transfer occurs along with temporary excitation of the atom.

An alternative method for preforming ARP is the application of frequency-modulated (chirped)
laser pulses in the atom-laser interaction [67-80]. Several arrangements were proven useful[12, 70, 73—
78, 81-85] for various control problems by using FC pulses. A group of these works concentrated on
coherent population using one FC pulse transfer between ground states of A [74, 77]- and tripod-
atoms [78], with the priority of avoiding the excitation of the atom, in optically dilute and, for
A-atoms [91], optically thick medium. On the other hand, it was also shown that by using more than
one laser modes, a greater freedom is achievable in controlling the induced population distributions
in A-atoms [73, 75]. Altough this scheme has the drawback of populating the atomic excited state it

was proposed to be applied for optical information mapping.

Objectives

Motivated by these results, this dissertation concentrated, on one hand, on upgrading the previous
control schemes using FC pulses in order to unify their advantages. That is, one of our objectives
was to develop a control scheme using a limited number of FC pulses which possesses the following
characteristics. It is suitable for creating coherent superposition of the ground state of the atom,
which can be adjusted by easily controllable parameters of the interacting laser pulses such as the
peak intensities or constant phase difference. In order to avoid decoherence effects due to the finite
lifetime of the excited state, we put emphases on avoiding the excitation of the atom.

Another goal was to widen the range of possible applicability of FC pulses by combining them
with constant-frequency pulse. We aimed to consider control schemes in A-atoms which incorporate
instantaneous Raman-resonance and to prove them useful in applications.

In optically thick medium, the coherent control processes may be modified by the back-action of
the medium on the interacting pulses and other propagation effects. For nonlinear optical applications
it is necessary to take these effects into consideration. In our work, we would also like to discover an
interaction scheme using FC pulses which is applicable for preparing the majority of the atoms in a

coherent superposition of their ground states, in an externally adjustable way if possible.
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We have already given a detailed summary on our results at the end of each chapter. Here, let

us formulate our achievements in theses.

Theses of the dissertation

1. We have proposed a new interaction scheme for creating coherent superposition among the
metastable (‘ground’) states of an atom having tripod-structure as working levels (’tripod-
atom’), along with negligible excitation. The method is based on adiabatic control of the
atomic states by three laser pulses with the same (linear) modulation ('chirp’) in their carrier
frequencies, each of them separately coupling one dipole allowed transition of the atom. We
have shown by analyzing the time evolution of the adiabatic states that if two pulses are
in Raman resonance with the corresponding atomic transitions and the third one is Raman-
detuned, two different population-redistribution mechanism may be achieved by changing the
sign of the Raman detuning, without significant population appearing in the excited state

during the interaction.

By numerically solving the master-equation of the system, we have demonstrated that the
scheme can be used even if the lifetime of the excited state is a tenth of the interaction time.
We have found that coherence can also be created between the ground states in the presence of
stronger spontaneous decay from the excited state, with a m phase factor of difference compared

to the non-decaying case.

We have demonstrated that the presented scheme may be applicable in (optically dilute) atomic
gas of room temperature in case of fast enough frequency modulation and copropagating pulses,

since the chirp is capable to compensate for the Doppler-effect. [I, 1]

2. We have proposed a method for robust writing and storage of optical phase information into
the populations of the ground states of a tripod atom using three frequency-chirped laser
pulses, two in Raman resonance and the third Raman-detuned from the corresponding atomic
transition (the same arrangement as in thesis 1). The scheme is based on the fact that after
preparing the atom in a coherent superposition of the two ground states coupled by two pulses
in Raman resonance, the population of the third ground state established by the interacting

pulses is a cosine-function of the phase difference of the pulses in Raman resonance. Since the
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information is mapped into the population of the atomic ground states, the proposed method
provides much longer storage times compared with the schemes based on the collective atomic

spin coherences, being only restricted by the lifetime of the ground states.

We have shown that the presence of weak longitudinal and transverse relaxation affects the
contrast of the mapping process: 50% of contrast can be achieved if the duration of the in-
teraction is smaller than a tenth of the coherence lifetime and 10 times of the lifetime of the

excited state, respectively [ITI].

. We have demonstrated that a pair of laser pulses, one with constant and the other with mono-
tonicly modulated carrier frequency establishes a maximum coherence between a ground and
the excited state of a A-atom. The initially unpopulated ground state is resonantly coupled by
a constant-frequency laser pulse to the excited state, forming an Autler-Townes doublet, while
the other pulse having a frequency sweeping through one-photon and two photon resonance
adiabatically transfers the population from the ground state to that member of the doublet
with which it first becomes resonant with. We have shown that this mechanism, provided that
the resonance condition of the constant-frequency pulse is fulfilled, is extremely robust against

the parameters of the laser pulses such as the Rabi-frequencies or the chirp rate [IV].

. We have proposed a novel scheme for creating coherent superposition between two magnetic
sublevels of the F' = 1 hyperfine ground state of 8"Rb atoms. It is based on the interaction of
the atom with a frequency-modulated (chirped) laser pulse having ¢ and a pulse of a constant
carrier-frequency having o~ circular polarization, both far detuned from one-photon resonance
but the chirped pulse sweeping through two-photon resonance. Taking into account all the
possible atomic transitions allowed by the selection rules, we have shown numerically that the
scheme yields a maximum possible degree of coherence of superposed states with negligible

atomic excitation, which eliminates decoherence by spontaneous emission [V].

. We have demonstrated a matching effect for a pair of frequency-modulated (chirped) Raman-
resonant laser pulses that simultaneously propagate in an optically thick medium of lambda-
structured atoms. That is, the laser pulses become distorted by the interaction with the

medium in such a way that it no longer causes excitation in the atoms, reducing the back-
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action of the atoms on the pulses and allowing a quasi-lossless propagation. By introducing a
coordinate transformation, we separated a symmetric and an antisymmetric coupled modes of
the lasers and the amplitudes of the atomic states, with the antisymmetric laser mode being
zero at the boundary of the medium. We have shown that due to the excitation of the atoms
at the boundary, the antisymmetric laser mode is generated, changing the population transfer
mechanism in a way that the majority of the population is transferred into the same coherent
superposition of the atomic ground states all throughout the medium. We have also shown
that the composition of this coherent superposition can be controlled by the peak amplitudes

of the laser pulses at the boundary of the medium [VI,VII].
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APPENDIX

Appendix

A.1 Basis transformation

Let us assume that we wish to perform a time-dependent unitary basis-transformation on the system:

~

V(t) : {]ao), |a1),-..lan)} = {|bo), |b1), ... |bn)}. (A.15)

Then, as it is well-known from basic linear algebra, the coefficient vector of state |¢)) and the coefficient

matrix of an operator, for example the density operator [p] is transformed as

[, = [VT} - [Y], (A.16a)

ol = V1]l V), (A16D)

where [.] denotes the coefficient matrix of any vector or operator. However, because of the time
dependence of the transformation operator, the coefficient matrix of the Hamiltonian does not follow
the transformation rule given in Eq. (A.16b). Now we develop the transformation rule for the
Hamiltonian from the Schrodinger and the von Neumann equations.

The Schrodinger equation in the basis {|a;) | 7 € {1,2,...n}} basis reads as

hoy [P, = [H], - ¥, (A.17)

where the coefficient matrix of the Hamiltonian given in the “a” basis is denoted by [H],. After
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substituting Eq.(A.16a) into Eq. (A.17), we obtain the followings

(V-0 [y, + 0, V] - [¥],) = [H], - V] [¥], /[VT} ’
ihoy [0], = (V1] - [H], - V] = ik [VT] 0, D)) W],

so the Hamiltonian in the “b” basis reads as
[H], = [V'] - [H], - V] = i [VT] 9, ]V]. (A.18)

Now let us show that the transformation rules given in Eqgs. (A.16b) and (A.18) are consistent with
the von Neumann equation for pure states. The generalization for mixed states is straightforward.

The von Neumann equation given in the “a” basis reads as

L 0lpl,
th—2¢ = [[H],, [l] - (A.19)

Substituting Eq. (A.16b) into Eq. (A.19), we get
ih (9, V] - el V'] + VL), - 0 V'] + D@ (o) [VT]) = [H], V]l [VT] = L), V1] 12,

w20 — i | 1)) ol + ol 2 D] )|+ D] L, V) ol Lo - V1) 22,7
——

—[vi]a:v]

0 = (V] [, V) = h TV k) = (B, = D] A

which is exactly the same as in Eq. (A.18).

A.1.1 Application: phase transformation on the atomic bare states

Let us consider the basis consisting of the atomic eigenstates {|k),k € {1,2,...n}} as the basis “a”,

and we wish to perform the basis transformation given in Eq. (1.20):

N
V=) e (k] +10)(0]. (A.21)
k=1
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Using the transformation rule given in Eq. (A.18), the Hamiltonian in the new basis is the following:

A] = V- ] - 9] =10

1 0 0 e 0 0, e~ W0r—k12) Q) o= i0a—kaz) ... 1 0 0
0 e~ “01—F1z) 0 e Q ei(d1—k1z) 0 0 .. 0 ¢i01—F1) 0 e
- "o 0 e~ 02—kaz) . Q3 02— h2) 0 0 e 0 0 @ ilo2—ka),
1 0 0 e 0 0 0
‘ 0 6—i(51—k1x) 0 . 00, ei(él—klw) 0 ..
—ih 0 0 e~ i(02—ka) | 0 0 10y ei02—h2) ...
0 9 Q
=6 0 - . N
=-nlqy 0 —5...| = Hv="h > —Gilk)y (kly + (]0) (k| + Hec.)| . (A.22)
. k=1
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